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Abstract

This study proposed modified a class of estimator in simple random sampling for the estimation of population
mean of the study variable using as axillary information. The biases and MSE of suggested estimators were
derived up to the first order approximation using Taylor’s series expansion approach. Theoretically, the
suggested estimators were compared with the existing estimators in the literature. The mean square errors
(MSE) and percentage relative efficiency (PRE) of proposed estimators and that of some existing estimators
were computed numerically and the results revealed that the members of the proposed class of estimator were
more efficient compared to their counterparts and can produce better estimates than other estimators
considered in the study.

Keywords: Auxiliary attribute; ratio-exponential estimators; mean square error; efficiency; two-phase
sampling.
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1 Introduction

In the determination of information about a particular population characteristic (for example, the mean) a
random sample from that population is usually used because it is infeasible to measure the entire population.
Using that sample, the corresponding sample characteristic is calculated, which is used to summarize
information about the unknown population characteristic. The population characteristic of interest is called a
parameter and the corresponding sample characteristic is the sample statistic or parameter estimate. Because the
statistic is a summary of information about a parameter obtained from the sample, the value of a statistic
depends on the particular sample that was drawn from the population. Its values change randomly from one
random sample to the next one, therefore a statistic is a random quantity (variable). The sampling distribution of
a (sample) statistic is important because it enable us to draw conclusions about the corresponding population
parameter based on a random sample Siraj et al. [1].

Several authors like Hafeez et al. [2], Hafeez and Shabbir [3], Ahmed et al. [4,5,6], Audu and Adewara [7],
Singh and Audu [8], Muili et al. [9], Hafeez et al. [10] Audu et al. [11], Audu and Singh [12] e.t.c have
suggested estimators of population parameters using auxiliary variables while many researchers have proposed
estimators based on auxiliary attribute. Bahl and Tuteja [13], Jhajj et al. [14], Singh et al. [15], Shabbir and
Gupta [16], Koyuncu [17], Malik and Singh [18], Solanki and Singh [19], Zaman [20], Zaman and Kadilar [21]
have suggested estimators by using Auxiliary attributes. In this paper, modified estimators for finite population
mean under two-phase sampling using regression estimation approach has been suggested.

2 Some Existing Estimators of Population Mean with Auxiliary Attribute

Consider a sample of size n drawn by simple random sampling without replacement (SRSWOR) from a
population of size N. Let Y; and ¢i denote the observations on variable y and ¢ respectively for ith unit (
i=1,2,...N).

Let ¢, = 1; if the ith unit of the population possesses attribute ¢i , = 0; otherwise.

N n

Let A = Z(;il anda = Z¢I , denote the total number of units in the population and sample respectively
i=1 i=1

possessing attribute ¢ . P denotes the proportion of unit in the population. When P is not known, double

sampling or two-phase sampling is used to estimate the population mean of the study variable. Under the double
sampling scheme, two cases are used for the selection of the required sample as follows:

Case- I. The first phase sample S'(S' Cg) of a fixed size N’ is drawn to measure only on the auxiliary
attribute p in order to formulate a good estimate of a population proportion P.

Case- Il. Given S’ the second phase sampling S (S C S') of a fixed size Nis drawn to measure the study
1 , 1 , _ . .
—Zai p :_Zai Where p’denote the proportion of unit possessing
n ieS ' ieS ’

variable y. Y = %Z Y, p=

ieS
attribute ¢ in the first phase sample of size n'; p denote the proportion of unit possessing attribute @ in the
second phase sample of size N">N and Y denote the mean of the study variable y in the second phase
sample.

Kumar and Bahl [22] considered ratio estimator of population mean in the two-phase sampling using

information of the auxiliary attribute. Their proposed estimator as well as its MSE’s is given as in (2.1) (2.2) and
(2.3) respectively.
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the = ¥4 21)
MSE (ti ), =Y?[ 6C] +(0-6')(C} —26pC,C, )| (2.2)
MSE (tig ) =Y?[6C; +(6+6')C} -260C,C, | (2.3)
where 6 = % - % 0 = ni —% , p is the population coefficient of the correlation between the auxiliary attribute

and study variable, Cp is the population coefficient of variation for the form of attribute and C, is the population
coefficient of variation of the study variable.

Kumar and Bahl [22] suggested dual to ratio estimator of the population mean under the two- phase sampling as
well as its MSE’s is given as in (2.4) (2.5) and (2.6) respectively.

the :yp—* 2.4)
NG2 p

were p'* _np—np p,—np
n—-—n

MSE(tid, ) =Y210C2+——(6-0') -"—C2-2pC,C (2.5)

| y n —n n-n p y—p
MSE(ts,) =V2{oc?+— T (9-¢)ci-2pC,C (26)
NGI I y n/_n n/_n p p y—p '

Singh et al. [23] considered the ratio type exponential estimator of population mean in the two-phase sampling
using auxiliary attribute. Their proposed estimator is given as well as its MSE’s is given as in (2.7) (2.8) and
(2.9) respectively.

ty = Vexp( E; Ej 2.7)
MSE (tg, ), =Y* 6C2+(<9—¢9')(C—§— CCJ 2.8
sty — y 4 Py (2.8)
MSE (tg ), =Y? 902+(6+9,)C_§_ 6C.C 2.9
ST y 4 p y~p ( . )

Kalita and Singh [24], suggested exponential dual to ratio in the two-phase sampling using information of the
auxiliary attribute. Their proposed estimator and MSE’s are given in (2.10), (2.11) and (2.12) respectively.

t; = Vexp( p, —pJ (2.10)
p*+p

54



Erinola et al.; AJPAS, 14(4): 52-64, 2021; Article no.AJPAS.74092

. - n , n
MSE(ty ), =V? {ecj e (0-0 ){MCE —prC,,H (2.11)

n

MSE (tg ), =Y ?<6C; +———(0-6')C; -6

C.C .
() S PCC, (2.12)

Zaman and Kadilar [21], proposed class of ratio estimator to estimate the population mean of the study variable
using the information about the population proportion possessing certain attributes in the two-phase sampling as
well as its MSE’s is given as in (2.13) (2.14) and (2.15) respectively.

_ (kp'+1)—(kp+1)
Yzxi yeXp{(kp'+l)+(kp+l) (2.13)
The MSEs of these estimators are
MSE (¥ ), =Y° {ecj +(0-0')(2°C2 ~24pC ycp)} 2.14)
MSE (¥ )n =Y’ {QCS +(9+0')/12Cr2) —24pC pr} (2.19)

3 Suggested Estimator

Having studied the estimator proposed by Zaman and Kadilar [21] we observed that their estimator can only be
apply if the correlation between the study variable and auxiliary information is positive. Therefore, there is need
to propose estimator that can be applied for all direction of correlation between the study and auxiliary

information.
) ’ 2((Ap'+B)—(Ap+B))
t1=y+b¢(p—p)eXp£ (Ap+B)+(Ap+B) J

(3.1)

To derive the biases and MSEs of the proposed estimator, the following error term are defined

& :VY;Y, e = p;P, e, = P ;P such that |e;| <1, |e,| <1, |e,| <1 and

y=Y(1+e,), p=P(1+e), p'=P(l+e,).

The expectations of the error terms are given as;

Under case I:

—E(e)=E(e,)=0,E(e})=6C:
JE(ef)=6CZ E(ee,)=6pC,C, (3.2)
C,.E(eg,)=0C;
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Under case I1:
E(e)=E(e)=E(e,)=0,E(ef)=06C; E(ef)=6CZ,
E(€})=0'C,E(eg)=60C,C,,E(ee,)=0,E(ee,)=0

y=p’

3.3)

Expressing the proposed estimator t;in terms of errors, we obtained (3.4)

o 2(AP + APe, + B~ AP— APe, - B
tle+Yeo+b¢(P+Pe2—P—Pel)exp[( ikl i )j (3.4)

AP+ APe, + B+ AP + APe, + B
Simplifying (3.4), we have,

-1
t = (\7 +Ye, +h,Pe, —bgéPel)exp((/le2 —ﬂel)(1+§e2 +%e1j J (3.5)

AP

were A =———
(AP +B)
Taking the expansion (3.5)

2 2
tl—\7=\7[£82 —§e1+%elz _%elez + € +§eoe2 —%eoe1j+

2 (3.6)

A2 A A A A
[Pb¢e2 =+ ? Pb¢ezz — j

> Pb,ee, -5 Pb,e, -5 Pb,ee, + > Pb,e’

Take expectation of (3.6) and apply the results of (3.2 and 3.3), the bias of proposed estimator (t1)| under case

I and (tl)“ under case 11 were obtained respectfully as:
Bias(t, ), =Y {4°C. —20'C} + 16/pC C, — A6pC, } - Pb,6C? (37)
Bias(t, ), =Y {4°6C% —16oC,C,} —Pb,6C? (38)

Square (3.6), take expectation of the result and apply the results of (3.2 and 3.3), the MSE of proposed estimator
(t1)| and (tl)“ under case | and Il were obtained respectfully as:

MSE (t,), =Y?6C; +(0-")(L°C; -2YLpC,C, ) (39
MSE(t,), =Y ?6C; +(0+6')’C; —2YLGpC,C, (3.10)

3.1 Theoretical efficiency comparisons

(i) Theoretical Comparison of Proposed Estimator and Sample Mean

OY*C} - Y?0C; +(6-0")(LC; -2YL,pC,C,) >0
(6-6")(LiC: -2¥L,pC,C,) <0 (3.11)
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(i) Theoretical Comparison of Proposed Ratio Estimator and Estimator of Zaman and Kadilar [21] under study
for case |

Y?6C? +(0-0')(LiCL -2, pC,C, ) -Y? [ecj +(0-0")(A°C2 —24pC,C, )} <0 (312

where L and 4 i=1,23,.....,9
Table 3.1. Members of the Proposed Ratio Estimator {;
Estimator Known Function of Auxiliary Attribute
A B
I - 2(p-p) . B(9)
=|y+b,(p'—p)|exp| —
V45, (P"=P)] _p+p+2ﬂ2(¢)}
o 2(p'-p) ! C
t2 =|:y+b¢(p - p)}exp_m}
- ' 2(p'-p) ' Po
=[y+b,(p'- p)]exp_ o p+2p}
o - 2(B(#)(p'-p B, (#) C
:|:y+b¢(p—p)j|eXp ( 2( ’)( )) 2 p
B (#)(p'+p)+2C,

:[7+b¢(p’—p)]exp

2(C, ('~ p)) c, $.(9)
| Co(P'+P)+24,(9)

" 7] Cp .
Ly nde-len| S :
- | b C,
) e
| 2 :82 ¢ ob
t,=[y+b, ('~ p) Jexp ﬁzz((i)(p+p)+21)o} (4) p

_ , 2(p(p'-p)) P . (#)
t,=| y+b,(p'- |O)]e><|oL(p,+ p)+2(ﬂ2(¢))}

Table 3.2. Efficiency Comparison of Proposed Ratio and Zaman and Kadilar [21] Estimators under Case
|

S/N  Estimators compared Condition obtained Numerical outcome Decisions
1. MSE (tl )| < MSE(ZK, )| (L1 +Yﬂl) 0.776 > 0.1271419 Satisfied
(2vc,)
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S/N  Estimators compared Condition obtained Numerical outcome Decisions
2. MSE (tI )| < MSE(ZK, )| ( +Y_ﬂz) 0.776 > 0.1600486 Satisfied
>——"2
p (2vc,)
3 MSE(t,), <MSE(ZK,), s Col(L+Y2) C, (|_3 +Yﬂ3) 0.776 > 0.4744658 Satisfied
(2 ) . -
,  MSE (t,), <MSE(ZK,), s CollitVA) Cp( ) 0.776 > 0.4740168 Satisfied
(2vC,)
5 MSE (t, ), < MSE(ZK,), s Colls V%) Cp( v ) 0.776 > 0.4031618 Satisfied
(27C,)
6 MSE(t,), <MSE(ZK,), 2 Colls V%) Cp( +Y2)  0776> 0411415 Satisfied
(2¥C, )
7 MSE (t, ), < MSE(ZK,), A CEALD) C, ( ) 0.776 > 0.1582934 Satisfied
(27¢,)
8 MSE(t,), <MSE(ZK,), 5 Colls+V4) Cp( +YV4,)  0776> 1367272 S|\|act>itsﬁed
(2vC,)
9 MSE (t, ), < MSE(ZK,), Cp( 4y ) 0.776 > 0.1247811 Satisfied
P>

(2Yc )

(iii) Theoretical Comparison of Proposed Ratio Estimator and Estimator of Zaman and Kadilar [21] under study
for case Il

Y20C? +(6+0')L2C? - 2YL,6C,C,

where L and 4, ;=1,23,.....

.9

—Y?{0C: +(0+0') 4’C. —24pC ,C,} <0 (313)

Table 3.3. Efficiency Comparison of Proposed Ratio and Zaman and Kadilar [21] Estimators under Case

S/IN  Estimators compared Condition obtained Numerical Decisions
outcome _

L MSE(t, ), <MSE(ZK,), . C,(0+0)(L+Y4) 883272 - Satisfied
(2vec,)

2. MSE(t,), <MSE(ZK,), . C,(0+6)(L+Y2) 0197 Satisfied
(2vec,)

3 MSE(t,), <MSE(ZK,), s C,(0+0)(L+V4) 079> Satisfied
(2vec,)

4. Satisfied

MSE(t,), <MSE(ZK,),

0>

C,(0+0)(L,+Y2,) 0797~

0.4629537

(2vec,)
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S/IN  Estimators compared Condition obtained Numerical Decisions
outcome

> MSE(t,), <MSE(ZK,), . C,(6+0)(L+Y ) 8;;23;294 Satisfied

(2vec,)
' v 0.797 Not

. MSE(Y), <MSE(ZK,), s C, (6’+19_)(L6 i) o1 Not
(2vec,)

7. MSE(t,), <MSE(ZK,), . C, (9+<9’)(L7 +Vﬂ7) 2.07,91?358819 Satisfied
(2vec,)

8. MSE(t,), <MSE(ZK,), . C, (‘9+9')(|—8 +\728) 0.797 >1.185871 Q;ttisﬁed
(2vec,)

% MSE(t,), <MSE(ZK,), . C,(6+0)(L+Y2) 833;;4 192 Satisfied
(2vec,)

Efficiency conditions for which the proposed estimator outperformed other related estimators considered in the
study have established in (3.11), (3.12) and (3.13). These conditions have been tested numerically as shown in
Tables 3.2 and 3.3 and results revealed that all the efficiency conditions were satisfied with exception of few
cases. This implies that the class of suggested estimators is more efficient and can produce better estimates of
population means than their counterparts.

4 Empirical Study

Real life data were used to determine the superiority of the proposed estimators over the already existence
estimators. The real life data were obtained in the previous research worked on Zaman and Kadilar for empirical
study.

Population 1: The data is defined as follows; y = the number of villages in the circles.

e if a circle of villages > 5
' )0,if a circle of villages < 5

Population of statistic given in Table 4.1

Population 2: The data is defined as follows; y = the number of teachers

B 1,if number of teachers > 60
0, if number of teachers < 60

Population of statistic given in Table 4.2
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Table 4.1. Descriptive statistic of population 1

N=89 Y =3.3596 2,=0.0171 5=0.0433 1,=0.0132
N=20 n'=45 A,=0.0221 Ag =0.1508
B, (§)=3.492 C,=0.6008 4,=0.0695 A, =0.0171
P,y =0.766 C,=2.6779 A,=0.0694 /5=0.1802

Table 4.2. Descriptive statistic of population 2
N=111 Y =29.279 2,=0.0146 1:=0.0382 2,=0.0117
N=30 n'=55 A, =0.0203 Ag =0.1441
5, (¢) =3.898 C,=0.872 4,=0.0640 A,=0.0164
Py =0.797 C,=2.758 A,=0.0709 /5=0.1819

Table 4.3. MSE and PRE of population 1
Estimators MSE PRE
CASE | CASEII CASE | CASE Il
y 0.15793 15.85573 100 100
Kumar and Bahl [22] t&, 1.633285 64.86284 9.669469811  24.44501351
Kumar and Bahl [22] 2, 0.97848 98.37626 16.14034012  16.11743524
Singh et al. [23] t, 0.333523 15.65928 47.35205668  101.2545277
Kalita and Singh [24] t, 0.208471 21.54799 75.75634021  72.67165058
Zaman and Kadilar [21] 4, 0.145373 15.1512 108.6377801  104.6499947
Proposed Estimator (tn) 0.1411044 14.98685 111.9242 105.797616
Zaman and Kadilar [21] 4, 0.141972 14.88346 111.2402446  106.5325536
Proposed Estimator (tl,z) 0.1349351 14.48042 117.0415 109.497722
Zaman and Kadilar [21] 4, 0.115089 13.07351 137.2242352  121.2813544
Proposed Estimator (tl,S) 0.1122884 12.83639 140.6468 123.521722
Zaman and Kadilar [21] A, 0.115115 12.82033 137.1932415  123.6764576
Proposed Estimator (t1,4) 0.1123316 12.83998 140.5927 123.487186
Zaman and Kadilar [21] A 0.128679 14.09668 122.7317589  112.4784701
Proposed Estimator (t1,5) 0.125153 13.8438 126.1895 114.533076
Zaman and Kadilar [21] A 0.09249 10.73221 170.753595 147.7396547
Proposed Estimator (tm) 0.09201862  10.57384 171.6283 149.95243
Zaman and Kadilar [21] 4, 0.145384 15.06792 108.6295603  105.2283925
0.1411044 15.01925 111.9242 105.569386

Proposed Estimator (tﬂ)
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Estimators MSE PRE
CASE | CASEII CASE | CASE Il
Zaman and Kadilar [21] /18 0.091645 10.06635 172.3280048 157.5122065
Proposed Estimator (t1,s) 0.09200599 10.0537 171.6519 157.710395
Zaman and Kadilar [21] /19 0.148116 15.28755 106.6258878 103.7166191
Proposed Estimator (tl,g) 0.1437427 15.2393 109.8699 104.045002
Table 4.4. MSE and PRE estimators using population 2

Estimators MSE PRE

CASE | CASE 11 CASE | CASE 11
y 0.15793 15.85573 100 100
Kumar and Bahl [22] tsuel 3.106026 154.3461 5.08463226 10.27284
Kumar and Bahl [22] t:l(él 1.87212 234.4669 8.435890862 6.76246
Singh et al. [23] t5| 0.625279 30.49386 25.25752504 51.99647
Kalita and Singh [24] t; 0.370737 46.52718 42.59893132 34.07842
Zaman and Kadilar [21] ﬂ‘l 0.140667 14.737378 112.2722458 107.5885
Proposed Estimator (tz,l) 0.137821 14.83997 114.5899164 106.8448
Zaman and Kadilar [21] 12 0.136094 14.319605 116.0447926 110.7274
Proposed Estimator (tz,z) 0.1305843 14.25215 120.941032 111.2515
Zaman and Kadilar [21] /13 0.102435 11.634163 154.1758188 136.286
Proposed Estimator (12’3) 0.0993408 11.30576 158.9779829 140.2447
Zaman and Kadilar [21] 14 0.102464 11.283763 154.132183 140.5181
Proposed Estimator (t2,4) 0.09938767 11.31067 158.9030108 140.1838
Zaman and Kadilar [21] /15 0.118777 13.119154 132.9634525 120.8594
Proposed Estimator (t2’5) 0.1143738 12.74315 138.082323 124.4255
Zaman and Kadilar [21] ﬂe 0.086839 8.8723655 181.8652909 178.7092
Proposed Estimator (tz,e) 0.08788584 8.754461 179.6990277 181.116
Zaman and Kadilar [21] /17 0.140682 14.606969 112.2602749 108.5491
Proposed Estimator (t2,7) 0.1349351 14.53094 117.0414518 109.117
Zaman and Kadilar [21] /qﬂ 0.09429 8.5422689 167.4939018 185.615
Proposed Estimator (tz,s) 0.09684899 8.54205 163.0682984 185.6197
Zaman and Kadilar [21] lg 0.14439 14.951729 109.3773807 106.0461

0.1384684 14.87575 114.0549035 106.5878

Proposed Estimator (t )

2,9
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Table 4.3 shows MSE and PRE of some exiting, Zaman and Kadilar [21] and proposed estimators
t, i1=12,...,9 for population 1. The result shows that the proposed estimators have minimum MSE and
higher PRE than Kumar and Bahl [22] estimators, Singh et al. [23] and Kalita and Singh [24] estimator.
Proposed estimators t,;,1,,t5,1,,t5, 15,1, and t,4 also have minimum MSE and higher PRE than Zaman

and Kadilar [21] estimators A, A4,, 4, 4,, A, A5, A, and A while Zaman and Kadilar [21] estimators A, has
minimum MSE and higher PRE than proposed estimator {, .

Table 4.4 shows MSE and PRE of some existing, Zaman and Kadilar [21] and proposed estimators
ti, i=12,...,9 for population Il. The results show that the proposed estimators have minimum MSE and
higher PRE than Kumar and Bahl [22] estimators, Singh et al. [23] and Kalita and Singh [24] estimator.
Proposed estimators t,, t,,,1,3,t,,,t,5,1,; and 4,4 also have minimum MSE and higher PRE than Zaman and

Kadilar [21] estimators 4, A,, A, 4,, 45, A4; and A, while Zaman and Kadilar [21] estimators A, and A has
MSE and higher PRE than proposed estimators 1, andt,g.

5 Conclusion

By comparing the results obtained from the empirical study on the efficiency of the proposed estimators over the
existing related estimators considered in the study, it is observed that the proposed estimator have minimum
MSE and higher PRE compared to other estimators considered in all the numerical computation carried out in
the study, hence, the proposed estimators demonstrated high level of efficiency over other estimators
considered. Conclusively, the proposed estimators have higher chance of producing estimate that is better than
exiting estimators, considered in the study.
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