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Abstract

In this paper we evaluate the number of representations of n(€ N) as a sum of four triangular
numbers by simple method based on Jacobi’s theta functions defined by

q%n(n«&»l) .

NgE

pl@)= > ¢ and  (q) =

n=-—oo n

0
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1 Introduction

Let N, No, Z, Qf, and C denote the sets of positive integers, nonnegative integers, integers,

nonnegative rational numbers, and complex numbers respectively. For a1,--- ,a4 € Qar and n € No,
we set
Ra(ar,--- ,as;n) := card{(x1, - ,x4) € Z'|n = a127 + - - - + aaxi} (1.1)
and
N4(a’17 s, a4, ’I’L)
(1.2)

= card{(z1,- - ,24) € No|n = arz1(x1 +1) + - - - 4 aaza(wa + 1)}.

Clearly, we note that

R4(a1,--- 7614;0):1 and N4(a1,~-- 76L4;O):1.

Ifl of a1, - ,as are equal, say
Qi = Ait1 =+ = Qi1 = Qs
then we indicate this in Ra(a1,- - ,as;n) by writing a' for a1, Gi+1,*+ ,a;+1—1 and it also applies
to Ni(a1,- -+ ,as;n). For k € N the sum of divisors function ox(n) is defined by
d d*, ifneN,
or(n) = { 4N
0, if n ¢ N.
In addition we need the function
1 z—
Kan)i=5 > (-1 g, n=1 (mod?2). (1.3)
(z,y)€2?
z=1 (mod 2)
n::c2+4y2

Moreover we note that z® + 4y> = 0 or 1 (mod 4) for (z,y) € Z* so that

Ks(n) =0, ifn=3 (mod 4). (1.4)
The authors and M. F. Lemire [1] have proved formulae for R4(1%,4*7%n) for i € {1,2,3,4} and
all n € N in terms of o1(n), 01(3), 01(%), ”1(5)’ and 01(1—6).

Proposition 1.1. (See Alaca et al. [1, p. 284-286]) Let n € N. Then
(a)

Ri(1%;n) = 801 (n) — 3201(%),

(b)
R4(1% 4;n)

n

= <4+2 <%4>> o1(n) — 2001(%) + 2401(2) ~3201(75);



Kim; ARJOM, 11(1): 1-21, 2018; Article no. ARJOM.43409

R4(1,4%;n)

n

= (242(2) ) ) 200(5) + 80 () - 32 (25,

R4(1,4%n)

n

—4
= (1 + (7)) o1 (n) — 30—1(%) + 1001(%) ~3201(75),
—4
where (7> is the Legendre-Jacobi-Kronecker symbol for discriminant —4, that is,

fn=0 (mod 2),

0,
(7> =41, fn=1 (mod 4),
-1, 4 n=3 (mod4).

Let ¢ € C be such that |¢| < 1. Then we require

o)=Y (1.5)
and
W(g) = g7, (1.6)
n=0
From (1.1) and (1.5) we see that
> " Ru(a1,a2,a3,a4;n)q" = (") (") (g ) (g™) (L.7)
n=0
similarly by (1.2) and (1.6) we know that
> Nu(ar, a2, a3, a13n)q" = ¥(g* (g™ )1 (g™ )(q™). (1.8)

n=0

In this paper we use the Jacobi’s theta function to obtain the following psi functions relations :

Theorem 1.1. Let ¢ € C with |q| < 1. Then we have

(a)

Y@ (a?) = iﬂ 2 ¥ () X a(f)] o

d|(8n+T)

| —
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w%w@—éi( > R0 = d(3)>q

n=0 \d|(8n+5) d|(8n+5)

Theorem 1.2. Let g € C with |q| < 1. Then we have

(a)
V@8 (a") = g5 3 (e1(5n +13) — 3Ka(n +19) 4"
(b)
V) = § 2 (1ln+5) + (1) Kalan +5) 4"
(c)
Papla) = 5 3 ou(sn+ T
n=0
Therefore the above results enables us to deduce Ny(a1,--- ,a4;n) as :

Theorem 1.3. Let n € N. Then we have

(a)

Y. <zd(8§7) EOR (3)) |
(b)

N4((;>2 ,1%n) = —o1(4n + 3),

(c)

ORI S GRRIO)]
(d)

N4(%723;n) _ 3i2 (01(8n + 13) — 3K2(8n + 13)),

(e)
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2 Proofs of Theorem 1.1, Theorem 1.2, and Theorem
1.3

Proposition 2.1. (See Alaca et al. [2, Theorem 4.3], Alaca et al. [3], Williams [{, p. 239-241])
Let n € N. Then we have

(a)
Ru(1%,2;n) :8%% (S) —2;d<3>,
(b)
R4(12,22%;n) = 4o (n) —401(%)4—801(%) —3201(2),
(c)
Ry(1,2%m) = 4%% (%) - Q%d <§> ,
(d)
Ra(1,2,4%n) = 2%% (%) —(1+ (—1)”)%;1 (%) ,
(e)
Ri(1%,2,4;m) = 4%% (5)-a- ¥ (5).
()
R4(1%,8;n)
o35 (2) 27 ()
—Q%d(Z), if n =0 (mod 2),
B 6%2(3), ifn =15 (mod 8),
42%(%), ifn =3 (mod 8),
o,d‘n ifn =7 (mod 8).
()
R4(1,8%n)
dz‘;z (%) —2%}1(3)7 ifn =0 (mod 4),
_Jo, ifn=2 (mod 4),
%g (S) +%d <§) . ifn=1 (mod 8),
0, ifn=23,57 (mod 8).
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Ra(1,2,8%n)
i §)’2 d(§) if n=0 (mod 2)
S22
=14, E<§>7 ifn=1,3 (mod 8),
% d \d
0, if n=>5,7 (mod 8).
(i)
R4(1,2%,8;m)
2 ﬁ(§>—2 d(§>7 ifn=0 (mod 2),
dz‘; d \d % d
2 n (§> , ifn=1,5 (mod 8),
= % d \d
4 n (§> , if n =3 (mod 8),
% d \d
0, ifn =7 (mod 8).
§))
R4(1274,8;7’L)
2 E(§>_2 d(§>, ifn=0 (mod 2),
d‘zn d \d % d
=44 ﬁ(§>, ifn=1,5 (mod 8),
dz‘; d \d
0, if n=3,7 (mod 8).
(k)
R4(1,4%,8;n)
S (E) (). snmvimn
=939 ﬂ(§>, ifn=1,5 (mod 8),
dlzn d \d
0, if n=3,7 (mod 8),

where (%) is the Legendre-Jacobi-Kronecker symbol for discriminant 8, that is,

0, ifd=0 (mod 2),

<%) =<1, ifd=1,7 (mod 8),
-1, ifd=3,5 (mod 8).

The basic properties of ¢(q) and ¥ (q) are
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Proposition 2.2. (See Berndt [5, p. 15, 71, 72]) Let q € C with |q| < 1. Then we have

(a)
0(@) +¢(—q) = 2¢(q"),
(b)
e(q) — p(—q) = 4q¥(¢%),
(c)
e(@)¥(d*) = ¥*(a),
(d)
¢ (a) + ¥*(—a) = 2¢°(¢%),
(e)
0" (a) = ¢ (=a) = 160" (¢%)
()

¢°(a) — ¥*(@)¢" (—q) = 16 Zl Z‘: (n_—/t) &q". (2.1)
n=1 dln
The following relation involving divisor functions
or(pn) — (p* +1) on(n) +pkak(%) —0 (2.2)
for a prime p and k,n € N is given in Williams [4, Theorem 3.1(ii)].
Proof of Theorem 1.1.  (a) In advance it is obvious that
V(") =0 for n#7 (mod 8). (2.3)

And from Proposition 2.2 (a) and (b) we know that

= 15 (2% (") = 3p(0)¢”(@)e(a”) + 3p(@)p(a”)¢*(¢")
¢’ (%) — e(a")¢’ (@) + 3¢(a") ¢’ () e(a®)
Ye(d®)e*(@%) + o(ah)* ()

—(q)
—3p(q
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thus by (1.7) we obtain

"P(a*)e*(q")

—16{(1-1—;}2412 n)q >—3<1+;R412 8nq>
+3<1+§:R4(1,2,82;n)q"> <1+ZR418 nq)
—<1+iR4(23,4;n)q>+3<1+ZR42 48nq)

" " (2.4)
—3<1+ZR4 ,4,8%n) >+<1+ZR4(4,83;nq>}

[ee]

1 3. 2 4. 2.
=15 nzl{mu,z :n) — 3R4(1,2°,8;n) + 3R4(1,2,8%n)
— Ra(1,8%n) = Ra(1°,2; 7) + 3Ra(1°,2,4; 7)
— 3R4(1,2,4% 2)+R4(1 2%; Z)}q”.
Appealing to Proposition 2.1 (a), (c), (d), (e), (g), (h), (i), we can write Eq. (2.4) as
q"(a*)v’ (¢'%)
0, if n =0 (mod 2),

1 = 3. 2 .
6 > <R4(1,2 ;n) — 3Ra(1,2° 8;n)

+3R4(1,2,8%n) — R4(1,83;n)> ¢, ifn=1 (mod 2)

0, if n =0 (mod 2),

if n =1 (mod 8)

5l
NgE
VoS
™
QU3
VN
Q.| co
N———
|
™
QL
N
Q| o
N——
N——
QS

n=1 \d|n dln
_8;(;d<d)+dzd<d>>q, if n=3,5 (mod 8)

so combining the above result with (2.3) we have

ZZ(E)_;d(fD —0  ifn=1 (mod8),

d|n
n (8 8 . _
;d(d)Jr;d(d)_O if n =3,5 (mod 8),
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and

q"P(a*)v°(q") = é i <2§Z (%) - C”an (%) )q"

n=1
n=7 (mod 8)

This shows that

CHTRCOEE VDS ( -Ya(3) >q”
n= 7n( Z)d 8) ‘

oz ( >-Zd<i>)q’“

k=0 d|(k+7
k=0 (mod 8) |(k47)

(e s 8’1?7(%)* > afy))er
d|(8n+7)

n=0\ d|(8n+T)

and so

OO

o= S 3 =) 2 o(2))r

=0\ d|(8n+7)

finally, we employ ¢ — q% to complete the proof.

(b) By Proposition 2.2 (a), (b), (c), and (2.2) we see that

(¢ () = v*(d") - * ¥ ()
= 0(g")¥(d®) - * ¥ (¢%)
= o(q") (q0(g%))’
1 3
= (d") (5 (ol - (=)
1 , (2.5)
= o(q") {1 {e(q) — (2¢(q") — W(Q))}]
= o(q") {% (ola) — so(q“))}
= 5 (66" (@) — 36" @9* (@) + 30(@)e"(a) — #'(a")

Then from Proposition 1.1 and (1.7) we can write Eq. (2.5) as
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¥ (¢ (¢°
;{<1+ZR4 1%, 4;n)q" ) —3<1+;R4(12,42;n)q">
+3 1+ZR414 n)q ) <1+ZR44 n) )}

Ra(1%,4;n) — 3R4(12,4% 1) + 3Ra(1,4% n) — R4(1%; E)) T

"4
(52 i3y

1- (il)> o1 (n)g", ifn=1 (mod 2),

Il

oo =
1M 1M
/N

RS
=

3
Il
-

Q0| = 00|
RN
N TN

o1(n) — 301 (2 )+201(4))qn, if n=0 (mod 2)

3
Il
A

o1(n)q", ifn=3 (mod4),

3
Il
-

if n # 3 (mod 4)

(=N
NgE:

®  if n=3 (mod 4),

3
Il
@

S

Q

w

]

Q
=

3
(=)

3

&

if n # 3 (mod 4)

o1(k+3)¢", if k=0 (mod 4),

|

R
).QOJ
NgE

=
=
Il
o

if £ # 0 (mod 4).

The above identity follows that

Z (k+3)¢", if k=0 (mod 4),
0, if K # 0 (mod 4).

Therefore especially if K =0 (mod 4), that is k = 4n for n € Ny then the above result shows
that

10
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(¢) Proposition 2.2 (a) and (b) enables us to deduce that

1(q'%) = (a(a%))” - ¢*¥(q"®)

Py
»Q

el LY

I
—

Il
—_ N
N —
—
S
—~
)
=
|
S
~
()

'y
—
SN—
N~

=16 (*(@e(@®) — ¢*(@)e(a®) — 30 (@) (") o (q”)
+30%(@)e(a")(a®) + 30(0)¢* (¢")p(d°) — 30(a)¢> (a")e(a®)
—¢*(a")e(d®) + ¢ (a")e(d?))

thus by (1.7), Proposition 2.1 (a), (d), (e), (f), (j), and (k), we obtain

3 1 oo - [e%e) 5
16{ 14> Ra(1®,2;n)q > 14> Ra(1°,8;n)q )

n=1

-3(1+> R4(12,2,4;n)q"> +3 (1 + Z R4(12,4,8;n)q”>

n=1

+3 (1 +> R4(1,2,42;n)q"> -3 (1 +> R4(1,42,8;n)q">

n=1

- (1 + i Ra(2, 43;n)q"> + (1 + i R4(43»8%n)qn> }

n=1
S 3 9. 3 Q. 2 .
E;{R4(1 ,2;m) — Ra(1°,8;n) — 3Ra(17,2,4;n)
+3Ra(1%,4,8;n) + 3Ra(1,2,4% n) — 3R4(1,4%,8;n)
— Ra(1,2% )+R4(1 2,4)}
LS R 20m) — B2 55m)
16 oyt e 3 Oy

= —3R4(1%,2,4;n) + 3R4(1%,4,8;n)
13R4(1,2,4% 1) — 3Ra(1,42,8; n)}q”, if n=5 (mod 8),
0, if n #5 (mod 8)

S (S me)

n=5 (mod 8)

The above identity can be written as

11
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°v° (¢*)¥ (")

o)

T (EO-zE)

n=5 (mod 8)

S (2505 00)

o (;(())d d|(k+5) d|(k+5)

1o 8n+5 (8 8 8n

— (2 () 2 a(3))e
n=0 \d|(8n+5) d|(8n+5)

and so

5 2

. 6, 1 8n+5 (8 8 n
W} gM)(d™) = 3 ZO ( >, nd (d) - > d (d>> ™",
n= d|(8n+5) d|(8n+5)

which needs ¢ — q% to complete the proof.

Proposition 2.3. (See Alaca et al. [2]) Let n € N. Then we have

- +8al(%)—32m(6%), ifn =0 (mod 2),
i (1 + (;>> o1(n) + % (2 + <7>) Ka(n), ifn=1 (mod 2).
(b)
Ry(1,4%,16;n)
2 <2+ (;;i)) 01(2) - 2001(1%)
- —|—24a1(3£2)—3201(%), ifn=0 (mod 2),
%(H <_n4)>01(n)+K2(n), ifn=1 (mod 2).

12
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R4(1,16%;n)
()
) +1O”1(%)_32‘”(%)’ ifn =0 (mod 2),
1 3 e
ial(n) + §K2(n), ifn=1 (mod 8)
0, if n=3,5,7 (mod 8).

We note that (g) is the Jacobi symbol.
n
In the above proposition we use the following method to evaluate R4(1,42,16;n) for even n :

9]

o0

Z qn§+4n§+4n§+16n§ _ Z q4n2{ +4n3+4nZ+16n2
N1, Mg=—00 N1, ,Mg=—00

2|ny

1+ Ra(4%,16;n)q"

n=1

=1+ ) Ra(1 4 )"
n=1

and so we refer to Proposition 1.1 (b). In a similar manner we obtain the other formulae for even
n. Now we introduce briefly Ra(a1,az2,as,as;n) for a1,---as € N and an odd positive integer n in

Proposition 2.4 :
Proposition 2.4. (See Alaca et al. [2]) Let n € N be an odd. Then we have

(a)
R4(17,2,8;n) = 201 (n) + 2 (%) Ka(n),

Ra(12,8%n) = (1 + (%)) o1(n) + 2 (%) Ka(n),
R4(1%,4,16;n) = (1 + (%)) o1(n) + 2K2(n),

3o1(n) +3K2(n), ifn=1,5 (mod 8),
R4(1%,16;n) = { 201 (n), tf n =3 (mod 8)
0, if n="7 (mod 8).

13
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Proof of Theorem 1.2.  (a) By Proposition 2.2 (a) and (b) we obtain

= i (»(9) — p(—9)) G (p(q") - sﬂ(—q4))>
= i {(a) — (20(¢") — ¢(2)) } {i (p(q") — (20(¢"%) - s@(q4)))}
— 3 (vl = #(a") 5 (006" - (™))

(e(@)¢*(a") — 3e(@)e*(a")e(a"®) + 3e(a) (") (a*°)

— (@) (@) — ¢*(a") + 3¢°(¢")p(a"%)
=30%(")*(d"%) + ¢(a")¥’ (')

&)=

so that by Proposition 1.1 (d), (1.7), Proposition 2.3 (a), (b), and (c) we lead that

0¥ (d®)y*(¢**)

]. > 3, n > 2 . n
= 16{<1+ZR4(1,4 :n)q ) 3(1+ZR4(1,4 ,16;n)q )

n=1 n=1

+3 (1 +) Ra(l4, 162;n)q") - (1 + ZR4(1,163;n)q”>

n=1 n=1

- (1 + i R4(44;n)q"> +3 <1 + i Ra(47,16; ”)qn>

n=1 n=1

-3 (1 + i R4(4%,16%; n)q"> + <1 + i Ry(4,16%; n)q”> }

n=1 n=1
1 = 3 2 2
= — 1,4%n) — 1,47, 16; 1,4,16%;
16 2 { Full £5m) — 3R(1,4%,16im) + 3Ra(1,4,16sm)

— R4(1,16%n) — Ri(1% %) +3R4(1%,4; %) — 3R4(12, 4% %)

3.2 n

+ R4(174 ) 4)}q

%6 Z{R4(1,43; n) — 3R4(1,4%,16; 1)
n=1

+3R4(1,4,16%;n) — 3R4(1, 163;n)}q", if n =5 (mod 8),
0, if n 5 (mod 8)

b S (e

The above equation can be written as

14
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14 (%)) o1(n) + 6 (%) Kz(n)> g
1+ (ﬁ)) o1(k+13)
k=0 (mod 8)
+6 (kfl:ﬁ) Kg(k-i-l?))) ¢* (2.6)

1 13— —4
. 14— 1
647 ;(( +<8n+13)>°1(8"+ 3)

2 8
— | K 1
+6 (8 +13> 2(8n + 3)>q

= Z (201(8n + 13) — 6K2(8n + 13)) ¢°

since

—4 B —4 (= _,
8n+13/) \4-2n+4-3+1) \ 1 /)

and

2 (8n+13)2 -1 8n?+26n+21
S 8 = (-1 =-L
<8n+13) (=1) =

Therefore Eq. (2.6) shows that

(a*)P (™) = 6%1 > (201 (8n +13) — 6Ka2(8n + 13)) ¢°

n=0

which requests ¢ — q% to complete the proof.

(b) From Proposition 2.2 (a), (b), (c), and (d) we know that

15
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P (¢ (¢") = v*(q") g

=q-p(d")(d") - (¢*v(a™®)’

= 0(d") - a(a*) - (v(d™)’

= 3 6@+ e(-0) - (o) — ol-0) (5 (o)~ (=) )

= é (¢*(@) = ¢*(-0) (% (p(d®) - so(—qz)))

— L0 - 226 - F@)} {5 (66) - 26la) - o) |
= % (¢*(q) — ©*(")) (% (e(d®) — w(qs)))

= 1 (@) - 22 @el)ela) + F @) (¢") — ¢ (0)

+20° (") (a®) — ¢*(d*)* (")) -

Therefore by (1.7), Proposition 2.1 (b), Proposition 2.4 (a), and (b) the above identity can
be written as

** (¢ ) (¢")
1 o0
_16{<1+n_1341 2?2 nq> (1+ZR41 ,2,8:n)q )
+ 1+ Ri(1%,8%n)q > < 2342 n) )
n=1 n=1

+2 <1 +> Ra(2,8; n)q"> - (1 + > Ra(22,8% n)q”> }
n=1 n=1

== {1{4(12,2 in) — 2R4(1%,2,8;n) + Ra(1%,8%n)

n=1

*R4(14;

n 5 4™ Rz g2 "y Lon
5) F2Ri(1%,4;5) R4(1,4,2)}q

1—16 > (Ra(1%,2%n) — 2Ra(1%,2,8;n)
n=1

- FRi(12,8%0)) ¢, if n =1 (mod 4),
0, ifn# 1 (mod 4)
O (e RE e
—1"(mod 4)

and so

16
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"% (¢")v*(¢"°)
¢ % (oo (2)e)s
nzln(ﬁhd@

which shows that

¥ (a)v?(¢")
é i (m 4k +1) — (ﬁ) Ka(4k + 1)) gty

k=1
(01(4n +5) - (ﬁ) Ko(4n + 5)) g

(01(4n +5) + (-1)"K2(4n + 5)) "

Il
0| —
(]2

0

n

I
| =
\gE

3
I
o

since

2 (n+5)2—1 2n24+5n+3 n+1
—Z ) =(-1 5 = (-1 = (=1)"*.
(325) = (1) (1)

Finally we apply q — q% to Eq. (2.7).
(c) By Proposition 2.2 (a) and (b) we observe that

7

s
<
w
P
[
o)
2
<
=
=
w
V)
&
—~
(=}
<
=
o)
v
S—r
L=}
<
=
&

il T

3
{o(a) — (2¢(q") — ¢(q)) }] o) = (200" — e(a") }

Il Il
—_ 7 N T 1 7 N

=y

N | =
—_
S

~
)

=
I

S

—~
S

'
—
SN—
N—

(> (@)e(a") — *(@)(a"®) — 30 ()¢ (a") + 30% (@) p(a")e(q"®)
+30(0)¢° (¢*) = 30(0)¢° (a)p(a"%) — ¢ (") + ¥ (a")e(d"®)) -

(2.7)

Then by Proposition 1.1 (b), (c), (d), (1.7), Proposition 2.3 (b), Proposition 2.4 (c), and (d)

we can rewrite the above identity as
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q" v (¢*)¥(q*)
1 - 3 n G 3 n
=—<(1 1% 4; -1 1%, 16;
CR{EDSLCEY B (RS SEAURTETY
3 (1 +> Ra(1?, 42;n)q"> +3 <1 +>  Ra(1%,4, 16;n)q">
n=1 n=1
+3 (1 + > Ra(1,4% n)q") -3 (1 + > Ra(1,4°,16; n)q">
n=1 n=1
- (1 + > Ra(4% n)q"> + <1 + > Ra(4%,16; n)q"> }
n=1 n=1
= % {34(13,4;n) — R4(1%,16; 1) — 3R4(1%,4%;n)
n=1 (28)
+ 3R4(1%,4,16;n) + 3R4(1,4%;n) — 3R4(1,4°,16;n)
i 4. 3 4,1 n
Ra(1% 1) + Ra(17, 45 4)}q

% > (Ra(1%,45n) — Ra(1°,16; )
n=1

—3R4(1%,4%n) + 3R4(1%,4,16;n)
+3R4(1,4%n) — 3R4(1,4%,16;n)) ¢"*, if n =7 (mod 8),

0, if n £ 7 (mod 8)

_ 3i2 i {<5+ (%4)) o1(n) +6K2(n)}q".

n=1
n=7 (mod 8)

Since for n = 7 (mod 8) and (1.4) we have

(%) _ (?) — -1  and  Ka(n)=0

thus Eq. (2.8) becomes

AU B S

Finally the above equation shows that

18
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1 oo
V@) =g D (k+7)
kEOk(r:n%d 8)
1 & n
= g 201(8n+7)q8
n=0

and so we apply ¢ — qé.
O

Proof of Theorem 1.3. (a) From (1.2), (1.6), (1.8), and Theorem 1.1 (a) we easily know that

N4(%,13;n)q"
n=0
_ i q2'ﬂl(nl+1)+n2(nz+1)+n3(n3+1)+n4(n4+1)
ni, =0
()w( %)
1 & 8n+7 (8 8 n
—s (2 > mH(G)- = a(g)]e
n=0 d|(8n+7) d|(8n+T7)

(¢) It is definite by Theorem 1.1 (c).
(d) It is clear by Theorem 1.2 (a).

(e)
(f)

It is obvious by Theorem 1.2 (b).
It is definite by Theorem 1.2 (c).
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3 Conclusion

In this article we aim to deduce the number of representations of a positive integer as a sum of four
triangular numbers for example,

wgeo-3 (2 T M (3)- % o(3))

d|(8n+7)

(1Y 2y 1
4( 5 ,1 7n)7 101(4”4’3),

and etc.
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APPENDIX

The first twenty values of K2(n) are listed in the following table.

Table 1. Ks(n) for n (1 <n < 20)
n| Ka(n) | n | Ko(n) || n | Ka(n) || n | Ka2(n)
1 1 6 0 11 0 16 0
2 0 7 0 12 0 17 2
3 0 8 0 13 —6 18 0
4 0 9 -3 14 0 19 0
5 2 10 0 15 0 20 0
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