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Abstract

We shall formulate some properties, as Phragmén-Lindel6f theorem and asymptotic behavior at
infinity, for solutions of the p-Laplacean equation
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in an unbounded domain Q of R™ (n > 2).
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1 Introduction

‘We consider the solutions to the p-Laplacean equation

ou
(9513'1'

The existence and uniqueness of solution for boundary value problem related to equation (1.1) have
been obtained by many authors, see for instance [1], and [2].

ou
8352-

0
(1.1) ; T

in @ C R™.

" ) —f@) (p>0),

We study some properties of solutions of (1.1) at infinity supposing that Q is a cylindrical or conical
or more general unbounded domain of R" (n > 2).

In particular, we shall show that a theorem of kind Phragmén-Lindel6f it holds for solutions of
equation (1.1) in cylindrical domain

mo={r=(z',2,) ER": 2’ €Q, z, >0},

where ' = (z1,...,2n—1) and Q is a bounded domain in R with smooth boundary 0€2. The
analogous question, for 2m-order linear equation, was first investigated by P.D. Lax in [3]; more
precisely, Lax, considering in mo the solution u(x) of an elliptic higher-order equation with constant
coefficients and Dirichlet-data zero on

oo ={z=(2',2,) €ER": 2’ €09, z, > 0},

assuming, moreover, that

/ Z |D*u|? de < 400,

0 |a|=m
where a = (a1, a2, ..., ), || = a1 + a2 + ... + ay, has proved that there exists a constant S > 0

such that
/ efon Z |DYu|? de < +oc0.

o |a|=m

We also treat the Neumann problem and extend such results to the case where Q is a conical
unbounded domain of R"™. In [4], S. Agmon and L. Nirenberg have dealt analogous problems for
ordinary differential equations in Hilbert spaces.

For other discussions of Phragmén-Lindeldf principles see [5], [6] and the book of Protter and
Weinberger [7].

Finally, we shall study the asymptotic behavior of solutions of equation (1.1) in an unbounded
domain contained in

Si={z=(2,2n) ER": 1< 2 < +o0, [2/|° <) (0<m<1)}.

Recently, the asymptotic behavior of solutions have been exploited in a significant number of articles
(see, for instance, [8], [9], [10] and the references given there).
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2 Preliminaries
Let us denote by 7ap, 0ap (0 < a < b < +00) the sets
Tap = {x = (a:/,a:n) ER": 2/ €Q, a<zn < b},

Oap ={r=(2",2,) ER": ' €09, a <z, < b},

where 2’ = (z1,..., zn—1) and £ is a bounded domain in R™ ! with smooth boundary 0€; mq = Ta,00,

Oa = Oa,00-

We shall suppose that f(z) is bounded function. In the sequel, by ¢; (1 = 1,2,....,14), v; (j =
1,2, 3, 4) we shall denote positive constants depending only on n, p and known parameters. Moreover,
for example, to indicate a dependence of o on the real parameters n, p and meas 2 we shall write
o= a(n7p, Q)

3 New Results

Theorem (3.1). Let u(z) be a solution of (1.1) in mo, u(z) =0 on oo. Let us suppose that

a=f 3
0 =1

f(x) =0 in w, for some a > 0. Then there exists a positive constant a1, a1 = a1(n,p, ), such

that
n p+1
/ (eo‘“”"|u|erl + e Z > dxr < +oo.
0

i=1

p+1

Ou dr < +00 and,

8Ii

ou
5‘xi

Proof.- For any a,b such that 0 < a < b < 400 set

Lun(u) = / 5

Ta,b =1

p+1

ou dz, I(u) = I4,00 ().

81'7;

For the sake of simplicity, we will assume throughout that f(z) = 0.

Let 0(z) € C'(R) be a function such that 0(zn) = 1if 2n < 3, 0(zn) =0if 2n > 1,0 < O(zn) < 1,
|6/ (zn)| < T. For every a > 0, we consider 0, (z,) = 0(z, — a).

Let a be a real non-negative numbers. Let us prove that, for all b > a,

(3.1) /mizn; pHdw—/ﬂOizn;

ou
8.277;

ou
8xi

P 9w (0 (w0)u)

dz.

Really, (0c(xn)—0b(xn))u € Wl’pﬂ(ﬂ',&%’cﬂ) if ¢ > b > a. According to equation (1.1), this implies

[

therefore, the right-hand side in (3.1) does not depend on b.

gu P 0w 00 (zn)u — Oz )u) dar — O:
Xq

(9337; 6:1:1 ’
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At the same time, we have

" ou P u 9(6(wn)u) "] Ou |7
———dx = Oy (zn)d
/7,0 ; oz;|  Om om /,ro Z} o;| Ot
(32) - n -1 N
Ou |77 Ou 00p(xn)
dx.
+ /7r0 ; v ‘ 8:131 81’1 ze :C
It is obvious that
ou p+1 ou p+1
3.3 li Op(xrn)dx = dx.
( ) b—il-zloo 70 =1 6331 b(x ) v /7;0; 8.7)1 v
Let us estimate the second summand on the right in (3.2).
By the Hélder inequality, we obtain
~ ou |Pt du A0y ()
——dx| <
/m; ; “ ‘ Ox; or: 0w |
(3.4) B b 1
ou p+1 p+1 p+1
< / . dx / u|P 0] () [P e
o+ L ,b41 Tn Tord b1

According to Friedrichs inequality (see, for instance,[11], [12]), the following estimate is valid:

(F)

/ ()P da’
Q

+1
ou |P
dx’.

83:1-

n—1
<cnp ) [ 3
=1

On the other hand |0;(z,)| < T for every b > 0 and z,, > 0.

Consequently, we have

(3.5) /
ot b4l

From (3.4) and (3.5) we obtain

n
[ >u
T j=1

Thus, estimate (3.1) is proved.

|u|p+1|0{,(:rn)|p+1dm gf‘p+lc(n,p,§2)/

n—1

>

Totd b1 i=1

p+1

Ou dz.

axi

P~ Gy 00y (7))
8:81' E)xi

’8u dr — 0 as b — +oo.

8;1:1»

Further, relations (3.1) and (3.2) imply the formula

n

p+1

du
83}1'

dx

n

p+1

Ou Oy (xr )dz+

8£Ifi

PN By 06y ()

ou
8%,‘

dx

for all b > a. At the same time, from (3.4) and (3.5), it follows that

-1
P70 du

8:1’7;

ou
8567;

n
/ Z“‘
0 =1

891,(23")
8567;

dz SF[c(n,p,Q)]ﬁ/

™
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Therefore, for all b > a,

[ s
dmﬁ/ Opdr+
0 =1 ((9171 0 =1 8:ch
(3.6)
" ou [P
d
voo [ |G

o+l b1 i=1

where the constant ap = I'[e(n, p, Q)}ﬁ does not depend on u and b.

If f(x) does not equal to 0 in 7o we know that f = 0 in 7, for a > a*. As is shown above, for every
b > a*, formula (3.6) is valid. Hence, we have

n ou p+1
/ 128% dm§(1+ao)/ﬂ > lo| do
b+ =1 b+%,b+1 i=1
for all b > a”.
Last inequality implies
Tyir (u) < aao -Ib(w), Vb > a”.

This formula, by induction, gives
Lygom () < s™ Iy(w) < AS™,

form € N, b>a* and s = _

+ . Now, we can write last relation in this way

Ipym(u) < Ae™°8% for any b > a*, m € NU{0}.
It is simple to verify that last inequality gives the following
In(u) < cze %, for all A > 0,
where ¢ = Ae*)% and & = —logs > 0.

Next, fix a1: 0 < a1 < &@. We have:

n +1 +oo n p+1
. ou |? © ou
a1y Q@] Tn
e — = e — dr <
/ﬁ Z Ox; Z .y Z: Ox; -
0 =1 =0 J,d+1 =1
oo —+o0o
< 1+ E 8 d:r < § eal(J+1)[j(u) <
w341 i=1 1 9T §=0

< C3Zea1(j+l)efjd < 4o0.
j=0

Finally, an other application of Friedrichs inequality gives us the required conclusion.
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Remark (3.2). From (3.1) it is easy to prove that there exists a constant ;1 > 1 such that
Iy(u) < 11 (Op(wn)u)
for b sufficiently large.

Neumann problem

Now, we will consider a weak solution u(z) of (1.1) in 7o with the boundary condition

ou |*
axi

(3.7) > g;

i=1

cos ©; = 0 on oy,

O; is the angle between the axis x; and the direction of the outer normal vector on 0.

Theorem (3.3). Let u(z) be a solution of (1.1) — (3.7). Let us suppose that

p+1

Ou dx < +00 and,

S

T =1

f(x) =0 in wq for some a > 0. Then there exist two constants oz > 0, az = a2(n,p, ), and h

such that
n p+1
/ (eo‘”" lu(z) — h[PT 4 2™ Z dm) < +o0.
0

i=1
udz. Arguing as Theorem (3.1) (see remark (3.2)) we can

ou
8x¢

Proof.- Put @ = (meas Ty 441) " [, b4

prove that there exists a constant 2 > 1 such that

(38) Ip(u) < y2lo (0 (xn)(u — W)

for b sufficiently large. From this relation and Poincaré - Wirtinger inequality we obtain
Lypa(u) S A(L—ci') (ea> 1)

and, by the same procedure as in the proof of the Theorem (3.1), we prove that there exists a
positive constant a = a(n,p, ) such that

I(u) = Zn:/ e
i=17/m0

Next, we define in (0, +00) the function

p+1
dr < 4o00.

du
Bzvi

v(zn) = (meas Q)_l/ w(z’, zn)dz'.

Q

From Holder-Riesz inequality, it follows

1
meas )

I(u) < +oo0.

+oo 1
/ ™ v (wn)[PH da <
0
Hence, if we change variables t = ¢” we have

—+o0 —+o00
/ ttP | ()P dt = / e [0 () [Py < 400,
1 0
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where 9(t) = v(logt). From the Hardy classical inequality (see, for instance [13]) we can state that
there exists a constant A such that

+oo 1 p+1l oo
/ Yo (t) — APt < (1%) / ()PPt
1 1

A new change of variable gives

+o00 1 p+1 1
/ eaznh}(l’n) _ h‘p+1dIn < (p + ) / R
o o meas Q /.

Integrating the last relation on ) we obtain

(3.9) / e |p(n) — hPH e < (p“>p+l I(w).

™0 «

p+1

Ou dx.

Oxp

Finally, the Poincaré - Wirtinger inequality implies

_— , n—1 ou p+1 ,
|lu —v(xn) [P da’ < s Z dz
Q Q=1

8:1,'i

and so,
(3.10) / e lu — v(zn) [P dr < ol (u).
T
Obviously inequalities (3.9) and (3.10) conclude our Theorem.

Now, we shall consider weak solutions of (1.1) in a conical unbounded domain. Let K a cone of R™;
Va, b:0<a<b< +oo we define

Kop={zeR":ze K,a<|z|<b}, Ko = Ko+

FKop={z€R":2€0K,a< |z| <b}, FKy=FKa too.
Theorem (3.4). Let u(x) be a weak solution of (1.1) in K1 such that u(xz) = 0 on FK;. Let us

suppose that
p+1

Ou dxr < +00 and,

81'7;

ol

K1 =1

f(z) =0in Kg for some R > 1. Then there exist a constant as > 0, as = as(n,p, K1,2), such that

n

/ |m|a3*(p+1)‘u|p+1dx+/ |x|asz
K, Ky

i=1

p+1

Ou dr < 4+o0.

8xi

Proof.- We assume f = 0 in Kg, for R > R*. Let 6(z) € C*(R) be a function such that (z) = 1
ifx<1,0(z)=0ifz>2,0<0(z,) <1, 10 (z)| <B.

For every R > 1, we consider 0r(z) = 0r(|z]) = 0(%'). It results 0 < Or(z) < 1 and |VOg(z)| <
LVYR>1
£ > 1.

Arguing as in previous theorems, since

"7 O u(02r — Or)]
E)xi

dr =0, for R > R",
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we obtain a constant 3 > 1, independent of u(z), such that

(3.11) / d$<"}/3/
Kr j=1 Kr j=1

for R > R*. From Friedrichs inequality (v = 0 on 0K \ {z € R" : |z| < 1}), applied in the cone
K12 and the change of variables Rx = z’, we have

(3.12) / Ju[PT de < C(;Rp+1/
KRr2Rr

KRr2r =1

p+1

@ dz

803 90r(z)u
ox;

p+1

Ou dz.

&vi

From (3.11) and (3.12) we obtain

n p+1 n p+1
D 31 RTELEY D B e
KR =1 a’Ei KRror im1 8xi
for R > R and c¢7 > 1. It results
n p+1 n p+1
Kog =1 81’1 Kg =1 8352
n P+l n pH1
1
_/ Z@u dacg(l——)/ Z@u dz.
KR,QR i—1 81‘7, Ct Kgr —1 al'l
Now, if we put R=1,2,....,2", .., from last inequality we have
n p+1
/ Z gu dx < ApN
Kyn =1 Ti
for N> N* and p = (1 - é) €]o,1].
Fix az : 0 < az < —log, p. It results
w"aup aa N* 2| o [P
JACED 3 o AR TR NS Sl I ol Lo
K1 i=1 N=N*"VKyN oN+1 i=1 v
<2a3N A+ Z 2a3(N+1 / Z 3 da:g
T

N=N* Kyn =1

+oo
S A <2a3]\]* + Z 2a3(N+1)pN> < 400.

N=0

Finally, we conclude our theorem applying the following Hardy weighted inequality (see, for instance,

(13])
|x‘a37(p+1)|u|p+1dx < Cs/ |m|a3
I8 LY

i=1

p+1

Ou dzx.

8111'

Remark (3.5). Theorem (3.4) holds for solutions of Neumann problem in the conical domain K;.
The proof is similar to theorem (3.3), it is possible to use Poincaré-Wirtinger and Hardy inequalities
instead of Friedrichs inequality.



Bonafede; BIMCS, 19(4), 1-13, 2016; Article no.BJMCS.29786

The constant «; of Theorem (3.1) does not depend on u(z) but it depends on Kondratiev - Lax
constant c(n,p, ) present in (F), then it depends on meas . It is important to note that a; =
a1(Q2) — +oo as meas  — 0. Analogous considerations for the constant a2 and as of Theorems
(3.3) and (3.4) respectively.

Now, we consider solutions to the equation (1.1) in unbounded domain S such that
n—1
SQSl—{x—(x',xn)ER”:1<xn<+oo, |x’|2:Zx?<m;" (0<m<1)}.
=1

p+1

Ou dx < +oo we shall obtain

&vi
Theorem (3.6) (Asymptotic behavior). There exists a constant 6 > 0 independent of S1 and u(x)

such that
n
|u|P+1+
/{.ZCES::CW>2t} < 1221

Proof.- We put u(z) = 0in S; \ S and we introduce a function 7(z,) € C*(R) such that 7(z,) = 1
if x, <0, 7(xn) =0if 2y > 1,0 < 7(x0n) < 1, |7(20)| < 1.

Assuming that w =0 on 9S and A = / Z
Si=1

8u ptl _s4l—m
. dz < cire® , V t large enough.
Zq

For every A > 1, we consider 0y (z,) = T(x;f,,zk). It results 0 < Oy (xn) < 1 and |04 (zn)] < f}”
V> 1.

Moreover
O af x> A AT

As previous theorems, we obtain a constant 4 > 1, independent of u(x), such that
n p+1 n
e 3 R Y ICCSIE
{z€S1:2n >N} j—1 {

p+1

ou dot

8%,‘

ou
axi

TESTAL Ty <AFAT} g

+ / () P65 ()P b <
{zeS1: A<z, <A+A™}

n
< / Z
{z€S1: A<z <A+A™} T

From this inequality and Friedrichs inequality, we obtain

n p+1
/ ) do < ey |
{z€S1:xn>N} ;4 {

Next, a simple computation gives

ou p+

8l‘i

1
+ )\m(p+1)|u(m)|p+l} dz, for A large enough.

n pt1

Ou dx.

8@

ou
E)xi

TESTALT, <AHAT} Ty

p+1
dr <

" | du
61'1'

/{xeslzxn>/\+/\m} i=1
(3.13)

n

1 )/
<(1-
< Y4€10 {zeslzznw};

p+1

ou dr,

8:Ei
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for A large enough; ci0 = co + 1.

Then, for ¢ large enough we have

/{zes:zn>2t} ;

We conclude our theorem with another application of Friedrichs inequality.

—m

ou
8:&'

p+1 1 !
dr < A <1 — )

Y4C10

Remark (3.7). From (3.13) it also follows that:

|u|p+l +
w/{IES:zn>t} ( ;

Finally, we consider solutions of equation (1.1), in unbounded domain @, for which the condition

/ n p+1
Q =1
o7

ou p+1
. dr < 11t °3~™) v ¢ large enough.
Xy

0 . . . s .
v dx < 400 cannot be verified. What happens, for instance, in the cylindrical domain
Xy

0

We shall show that it holds the following

Theorem (3.8) Let u(z) be a solution of (1.1) in mo with homogeneous Dirichlet data on oo and,

moreover, such that
n
‘/7;0 =1

for some B < 0. Then, there exists a positive constant €(€2) > 0 such that if |3] < ()

Proof.- Let ¢t > 2 and assume that f(z) = 0 in mo; we introduce real functions 6(z,) € C*(R),
B(xn) by

ou p+
8]37;

1
P dy < 400,

pt1

Ou dr < +oo.

8331'

6(%):{ 0 if 0<zp,<1

1 if xp>2 ’

. Bxn 1f Tp >t
ﬁ(x”)_{ﬁt if an <t

Multiplying equation (1.1) by [0(zn)e® @) u — ¢] with e small enough, integrating it over mo , we
have (letting € to zero)

p—1

ou dz = 0.

81’i

n_ 9 |0(x,)e’ @)y 9

0 =1

From this, we get

n

(3.14) /Z@(xn)eﬁ(z“ ou
0 =1

P
dx.
8431‘ v

p+1 e 0 [G(xn)e[j(z")} ou
= / E — .ﬁ

10
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Now, the left-side term of (3.14) can be estimate in this way

ou p+

- Bwn) ' - Bt e Ban N~ | Ou
0(zn R dz > d on
/770; (n)e ox; xi;/ﬁme w+/ﬂte ;’8%

On the other hand, for the right-side term of (3.14) we have

ou

p+1
dx.
8931-

u

o P 2
5| de<e” 16" () ]|
xX
n 1 Q

0
+oo o
Bxn U
[ [istiole | o

~ ou |? - . ou |?
<o [ | gt e [ gl |5

1,2 j=1 t =1

| ou.
0

/ 7] [H(xn)eﬂ(”")}

P
U
d.
O0xn T s

P
dr <

dx.

From (3.14), taking into account last two inequalities, we get

n p+1 n p+1
S et o [y e s
i=1Y 72t ¢ Tt i=1 v
(3.15) P
n p+1 p+1 %
ol (el
i=1 Tt i T
a ou |?
where B = u dx.
7\.1$2;‘ | c?xl

According to (F'), we have

n—1

/ P lu(z) P da < e(n, p, Q)/ e Z
T

Tt =1

p+1

ou
8331'

This fact applied to (3.15) gives

n
S e
i=1 Y T2t

p+1

ou dr <

axi

ou
83@1-

p+1 n
dx + / e’en Z
T i—1

p+1
dzx.

Ju
8xi

n n
< B n Y ol [ Y
i=1 Tt =1

Furthermore, if

<e(Q) =
6] < e() = —
it follows 1
n P
Z/ Ou ™ 4z < B.
i=17 72, Oz

An other application of Friedrichs inequality gives

B < necizli2(u)

11
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and so,
p+1

Ou dz < 01411,2(u), for t > 2.

8xi

n
i=1 /7;2,t

Letting ¢ to infinity we have our assertion.

4 Conclusion

We finally note that it is possible to extend Theorems (3.1) and (3.4) to solutions of the following
nonlinear equation

div a(Du) — colul""'u = f(z) in Q C R™,

where co is a nonnegative constant and the vector field a : R® — R", assumed to be C'-regular,
satifies the following growth and ellipticity assumptions

la(2)| + laz(2)[|2] < L|2|”
(4.1)
V2P < (a(2)€,8),

whenever z,£ € R", p > 1 and, 0 < v < L are fixed parameters. In such case, it will be important
to note that (4.1), implies the existence of a positive constant ¢ = &(n,p,v) > 1 such that the
following inequality holds whenever z1, z2 € R"

671|22 — 21|p+1 < <a(zg) —a(z1),22 — zl>.

A model case for the previous situation is clearly given by considering the p-Laplacean equation

(1.1).
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