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Abstract: The mathematical chemistry deals with applications of graph theory to study the physicochemical
properties of molecules theoretically. A chemical graph is a simple graph where hydrogen depleted atoms are
vertices and covalent bonds between them represent the edges. A topological index of a graph is a numeric
quantity obtained from the graph mathematically. A cactus graph is a connected graph in which no edges
lie in more than one cycle. In this study, we derive exact expressions of general Zagreb index of some cactus
chains.
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1. Introduction

hemical graph theory is a branch of mathematical chemistry that has a real world applications to other
C science, engineering and specially in chemistry. A graph G = (V(G), E(G)) is an ordered pair of two
sets where V(G) denotes the vertex set and E(G) is the edge set of G. The degree of a vertex v € V(G)
is the number of vertices other than v in G which are adjacent to v and is denoted by dg(v). A topological
index of a graph is the numeric quantity obtained from that graph mathematically and is remains same under
graph isomorphism. In recent time, there are lot of topological indices discovered by various researchers
and these have many applications in chemistry, biochemistry, medical sciences and so forth to understand
physicochemical properties of chemical compounds theoretically. A connected graph such that no edge lies
in more than one cycle is called the cactus graph. The block of a cactus graph is either an edge or a cycle.
If all blocks of a cactus graph are triangular then it is called triangular cactus graph. For a cactus graph, the
cut-vertex is a vertex shared by two or more triangles. If all the triangle of a triangular cactus graph has at
most two cut-vertices and each cut-vertex is shared by exactly two triangles then we say that triangular cactus
graph is a chain triangular cactus. In chain triangular cactus if we replace triangles by cycles of length 4 then
we obtain cacti whose every block is Cy4, such cacti are called square cacti. For ortho-chain square cactus the cut
vertices are adjacent and a para-chain square cactus their cut vertices are not adjacent. Recently, Sadeghieh et al.
in [1] derived Hosoya polynomial of some cactus chain and studied some degree based topological indices. we
refer the reader [2-5] for further study about cactus graph. In this work, we study the mathematical property of
general Zagreb index or (a, b)-Zagreb index of some general ortho and para cactus chains and hence consider
their special cases such as triangular chain cactus T, ortho chain square cactus O, and para-chain square

cactus Qy, where n denote the length of the chain and then we derive some explicit expressions of the same
for other degree based topological indices such as Zagreb indices, forgotten index, redefined Zagreb index,
general first Zagreb index, general Randi¢ index, symmetric division index for particular values of 4 and b of
general Zagreb index.

Gutman and Trinajesti¢ [6] introduced the Zagreb indices, to study the total 7r-electron energy of carbon
atoms and are defined as

Mi(G)= ), do(0)’= Y [do(u)+dc(o)]

veV(G) uveE(G)
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Table 1. Relations between (a,b)-Zagreb index with some other topological indices.

H Topological index Corresponding (a, b)-Zagreb index H

First Zagreb index M;(G) M (G)

Second Zagreb index M;(G) IM11(G)
Forgotten topological index F(G) M;0(G)
Redefined Zagreb index ReZM(G) M;1(G)

General first Zagreb index M?(G) M,_10(G)

General Randié¢ index R, %MM

Symmetric division deg index SDD(G) M;,_1(G)

and

My(G) = ). dg(u)ds(v).
uveE(G)

In the same paper [6], the “forgotten topological index" or F-index was defined as

FG) = Y do(0)’= Y l[dg(u)*+dg(v)?].
)

veV (G uveE(G)

In 2003, Ranjini et al. redefined the Zagreb index in [7], and is defined as

ReZM(G) = ) dc(u)dg(v)[dc(u) +dc(v)].
uveE(G)

Li and Zheng [8], introduced the general Zagreb index as

MY (G) =}, do(u)"

ueV(G)

where, &« # 0,1 and &« € IR. Clearly, when & = 2 we get first Zagreb index and when « = 3 it gives the F-index.
Gutman and Lepovi¢ [9], generalized the Randi¢ index in 2001 as

Ry= ), {dg(u)dc(v)}’

uveE(G)

where, a2 # 0, a € IR. The symmetric division index of a graph is defined as

_ dg(u) | dg(v)
SDD(G) = WGZE;(G)[dG(v) + dc(u)}.

For further study about this index, we refer [10-12]. In 2011, Azari et al. [13], introduced a generalized version
of vertex degree based topological index, named as generalized Zagreb index or the (4, b)-Zagreb index and is
defined as
Mop(G) = Y (de(u)'dg(v)” +dg(u)'dg(v)?).
uveE(G)

We refer [14-18] for further study about this index.

It is clear that, all the topological indices discussed previously, can be obtained from (a, b)-Zagreb index
for some particular values of a4 and b. The Table 1, shows the relationship between (a, b)-Zagreb index with
other topological indices.

2. Main Results

In this section, we consider two general cactus chains namely para cacti chain and ortho cacti chain of
cycles. We first consider a para cacti chain of cycles Cy; of length n, where every block is a cycle Cy,. Let it is
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denoted by C}},. In the following theorem we compute an exact expression of general Zagreb index of C};,. Note
that, the total number of vertices of C}}, are (mn — n + 1) and the number of edges of C}}, are mn.

Theorem 1. Let CI}, be the para cacti chain of cycles for (m > 3, n > 2). Then
M, y(Ch) = 4(n—1)2°T(2% +2°) 4 (mn — 4n 4 4).27Fb+1,
Proof. The edge set of C}}, can be partitioned into following subsets:
E((Cy) = {e=wuv:dgy (u) =dcy(v) =2},

Ex(Cyy) ={e=wuv:dcn(u) =2, den (v) = 4},

such that
[E1(C)| =2(m —2) + (m —4)(n —2), |E2(Cyp,)| = 4(n —1).

Then from definition of general Zagreb index, we have

Mop(Ch) = Y (dey(u)dey (0)" +dcy, (u)’dcy (0)*)
uveE(Ch)
= Yoo (@242 4+ Y (204b 42047
uveE (Cl) uveE,(Chh)
= |E(Cp)|(2°2" +2"2%) + |Ea(C) [ (274" + 2"47)
= 2[(m—2)+ (m—4)(n—2)].2.2"0 4 4(n —1).2°70 (2% 4 2),

from where the result follows. O

Following results follows immediately form Theorem 1.

Corollary 2. Let C}}, be the para cacti chain of cycles for (m > 3, n > 2). Then

M1(C.,V,ll) = Mllo(c,i%) = 4mn + 8n — 8.

My(ClL) = 1M1 (ClL) = 4mn + 16n — 16.

F(C%) = Mzro(c;%) = 8mn + 48n — 48.

ReZM(ClL) = My (ClL) = 16mn + 128n — 128.

qChY = M, 10(CH) = (n—1)2°F1(277 1 4 1) + 2% (mn — 4n + 4).
Ra(Ch) =AM (Ch) = (n —1).2%42 4 (mn — 4n + 4)224.
SDD(C,V;Z) =M1 (C:ln) =2mn+2n — 2.

NS GOR L =

The results about para square cactus chain Q, can be obtained from Theorem 1 by taking m = 4. The
representation of Q,, depicted in the Figure 1.

Figure 1. Para-chain square cactus Q.

Corollary 3. Let Q, be the para-chain square cactus graph for n > 2. Then
Ma,b(Qn) - 2u+b+3 + (71 — 1)‘2a+b+2 (2” + Zb).

Proof. If we put m = 4 in Theorem 1, we get our desired result. [J
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Following results can be immediately obtained from Corollary 3

Corollary 4. Let Q, be the para-chain square cactus graph for n > 2. Then

M;(Qn) = M19(Qn) = 24n — 8.

M (Qn) = My 1(Qu) = 32n — 16.

F(Qn) = M2(Qn) = 80n — 48.

ReZM(Qu) = Ma1(Qu) = 1921 — 128.

M*(Qn) = My_10(Qn) =292 + (n — 1)(224 4 2041,
Ra(Qn) = %Ma,a(Qn) =22+2 4 (n — 1).23“+2.
SDD(Qy) = My,1(Qu) = 10n — 2.

N L=

The generalized Zagreb index of the para-chain hexagonal cactus graph L, n > 3 can be obtained from
Theorem 1 by putting m = 6. The para-chain hexagonal cactus graph is shown in Figure 2.

S

Figure 2. The example of Para-chain hexagonal cactus graph L.

Corollary 5. Let L, be the para-chain hexagonal cactus graph for n > 3. Then
Mup(Ly) = (n42)27042 4 (n —1)2070+2(27 4 2b),

Proof. If we put m = 6 in Theorem 1, we get our desired result. [

Following results follows form Corollary 5.

Corollary 6. Let Ly, be the para-chain hexagonal cactus graph for n > 3. Then

M;(Ly) = Myo(Ly) = 32n — 8.

My(Ly) = 1My 1(Ly) = 40n — 16.

F(Ly) = Myp(Ly) = 96n — 48.

ReZM(Ly) = Ma1(Ly) = 2561 — 128.

M*(Ly) = My_19(Ly) = 2°T1(2n + 1) + (n — 1).2%% item Ry(Ly) = IMaa(Ly) = 22 (n+2) + (n —
1)2311-}-2'

6. SDD(Ly) = My,_1(Ly) = 14n — 2.

Gk L=

Next, we consider the ortho-chain cactus of cycles where its cut-vertices are adjacent. Let, this type of
cactus chain is denoted by COj, where m is the length of each cycle and 7 is the length of the chain. The
number of vertices and edges of CO}, are mn — n + 1 and mn respectively. In the following theorem, we
calculate the general Zagreb index of COj,.

Theorem 7. Let CO}, be the ortho cacti chain of cycles for (m >3, n > 2). Then
M, (COLY = 2(n—2)4""0 4 (mn —3n +2) - 20TbFL 4y . pa+btL (o0 4 by,
Proof. The edge set of COj, can be partitioned into following subsets:
E1(COyp,) = {e =uv:dcoy (u) = dcoy (v) = 4},

E»(CO;) = {e=uv: dco;«n(u) =2, dcogl(v) =4},

E5(COy,) = {e = uv:dcoy (1) = dcoy, (v) = 2}
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Now,
|E1(COp)| = (n—1), |[E2(COy,)| = 2n, |E3(COy)| = 2(m —2) + (m —3)(n —2).

Therefore, from definition of general Zagreb index, we have

M, (COp) = Y. (dcoy, (u)deoy, (v)" + dcoy, (u) dcoy, (0)°)
uveE(CO},)
uveE (COM) uveE, (COM) uveE;(CO)

= |E1(COL)|(4°4° + 4%4%) 4+ |Eo(CO™M) | (274" 4 2°4%) + |E3(COT) | (272" + 2027)
= 2(n—2)4" 4202002 4 20) £ 2[2(m — 2) 4 (m — 3)(n — 2)]2°7F,

from where the desired result follows. [

Following results follows immediately form Theorem 7.

Corollary 8. Let COJ}}, be the ortho cacti chain of cycles for (m > 3, n > 2). Then

My (CO%) = Ml,o(CO%) = 4mn + 8n — 8.

M,(COL) = 1My 1(CO) = 4mn +20n — 24.

F(COL) = Myo(CO™L) = 8mn + 48n — 48.

ReZM(COL,) = My 1(COL,) = 16mn + 176n — 224.

M*(COPL) = M, _10(COL) = 2(n —2)4° "1 +2%(mn — 3n +2) +n - 2°(2°71 +1).
R,(COL) = M, 2(COL) = (n —2)4%* 4+ 22 (mn — 3n + 2) + n.2%+1,
SDD(COy,) = M;,_1(CO},) = 2mn + n.

NSO W=

Now, we consider chain triangular cactus as shown in Figure 3, denoted by T},, where # is the length of

the chain triangular cactus. T} is special case of COj, for m = 3.

VAVAVANIVAN

Figure 3. Chain triangular cactus T),.

Corollary 9. Let T, be the chain triangular cactus for n > 2. Then
Ma,b(Tn) — Zﬂ+b+2 - 211+b+1 (2{1 + zb) + 2(1/[ _ 2)4114—17.

Proof. If we put m = 3 in Theorem 7, we get our desired result. [

Following results follows immediately form Corollary 9.

Corollary 10. Let T, be the chain triangular cactus for n > 2. Then

Ml(Tn) = Ml,O(TYl) =20n —8.

My(Ty) = My 1(Ty) = 32n — 24.

F(T,) = Mpo(T,) = 72n — 48.

ReZM(T,) = M1 (Ty) = 224(n — 1).

M*(Ty) = Ma-1,0(Tn) = 271 +1- 272771 1) +2(n — 2)47 1.
Ro(Ty) = IMaa(Ty) = 2201 410 23041 4 (0 — 2)4%,

SDD(T,) = My,_1(T,) = 7n.

N L=

Next, we consider square chain cacti, which is obtained by replacing triangles in T, by cycle of length 4.

The square chain cacti is denoted by O,, where 1 is the length of the chain as shown in Figure 4.
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Figure 4. Ortho-chain square cactus Oj,.

Figure 5. The example of a Q(m, n) graph.

Corollary 11. Let Oy, be the ortho-chain for n > 2. Then
M, p(0y) = (n+2)- 200+ 4y p0FbFL(00 4 oby 4 o(yy — 2)47+D,

Proof. If we put m = 4 in Theorem 7, we get our desired result. [J

Following results follows immediately form Corollary 11.

Corollary 12. Let Oy, be the ortho-chain for n > 2. Then

Ml (On) = MLO(OH) = 24n — 8.

M(0y) = IMy1(0y) = 36n — 24.

F(O,) = M2 (0,) = 80n — 48.

ReZM(Oy) = My 1(0y) = 2401 — 224.

M*(0y) = My 10(0y) = (n+2)-27+1n-2%- (2971 +1) +2(n — 2)47~1,
Ra(On) = AMye(0y) = (n+2) - 220 41 2341 4 (n — 2)424,

SDD(On) = M1’_1 (On) =9n.

NSO W=

The graph Q(m, n) is derived from K, and m copies of K,, by identifying every vertex of K, with a vertex
of one Kj, [5]. The example of Q(m, n) graph is shown in Figure 5. Here, we compute the general Zagreb index
of the graph Q(m, n) and derive some other topological indices from it.

Theorem 13. Let Q(m, n) be the ortho-chain for m,n > 2. Then

Mp(Q(m,n)) = m(n—2)- (n—1)" " fm(m+n—2)"(n—1)"*
+m(n— 1) m+n—2)" +m(n —1)(m+n —2)+°,
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Proof. The edge set of ortho-chain Q(m, n) can be partitioned into the following subsets:
E1(Q(m,n)) = {e = uv : dg(n) (1) = doimm)(v) = (n—1)},

E2(QUm, 1)) = {e = 10 s gy (1) = (1~ 1), dgu)(©) = (m+n—2)},
E3(Q(m,n)) = {E =Uuv: dQ(m,n) (u) = dQ(m,n)(v) = (m +n— 2)}
Such that

m(n—1)(n—2) m(n —1)

|E1(Q(m, n))| = o |E2(Q(m,m))| = m(n —1), |E3(Q(m,n))| =

Therefore, using the definition of general Zagreb index, we have

M, p(Q(m,n)) = Yo Q) () g (mn) (0)" A+ dQ ) (4) dQ () (0)°]
uveE(Q(m,n))
= Y, (n=1D)'(n=1)"+(n-1)"n-1)"
uv€E (Q(m,n))

+ Z [(n—l)”(m+n—2)b—0—(n—l)b(m+n—2)”]
uv€Ey (Q(m,n))

+ Yo [(m+n=2)"m+n—2)"+ (m+n—2)"(m+n—2)"

uveEs(Q(m,n))
= [Ei(Q(m,m)|[(n = 1)"(n = 1)" + (n = 1)’ (n — 1)"]
+E2(Q(m, n))[[(n = 1)"(n = 1)" + (n = 1) (n — 1)7]
+E3(Q(m, n))[[(m + 1 —2)"(m + 1 —2)° + (m +n —2)° (m + n —2)7]
= % 2-(n=1)"" 4+ mn—1)[(n-1)"(m+n—-2)"+n—-1)"m+n—-2)7
+m(n2_ 1) .. (m+n_2>a+b‘

O

Following results follows immediately from Theorem 13.

Corollary 14. Let Q(m,n) be the ortho-chain for m,n > 2. Then

My (Qm, n)) = Mio(Q(m,m)) = m(n—1)° +2m(n — 1) (m+n — 2).

My(Q(m,n)) = 1My 1(Q(m,m)) = Lm(n —2)(n — 1)3 4 2m(n — 1)2(m+n — 2) + m(n — 1) (m+ 1 —2)2.

F(QUm, m)) = Mao(Q(m,m)) = m(1t — 2)(1 — 1)° + m(n — 13 +2m(n — 1) (m + n — 2)2,

ReZM(Q(m,n)) = Mp1(Q(m,n)) = m(n —2)(n —1)* +m(m+n—2)(n—1)3 +m(n —2)*>(m+n —

2)2+m(n—1)(m+n—2 3,

M (Q(m,n)) = My_10(Q(m,n)) = m(n— 1)1 +2m(n —1)(m +n —2)"~L.

6. R,I(Q(2 n)) = AMaa(Q(m,n)) = J[m(n —2)(n — 1)+ +2m(n — 1) Y (m +n —2)* + m(n — 1) (m +
n—2)=.

7. SDD(Q(m,n)) = My _1(Q(m,n)) =m(n—2)(n—1)+m(m+n—2)"1(n—1)2+m(m+n—2) +m(n—

1).

3. Conclusions

L =

S

In this study, we obtain some closed expressions of the general Zagreb index of some cactus chain and
hence obtain some other important degree based topological indices for some particular values of a and b. For
further study the general Zagreb index of some other graph structures can be computed.

Conflicts of Interest: “The author declare no conflict of interest.”

References



Open ]. Discret. Appl. Math. 2019, 2(1), 24-31 31

(1]
[2]
(3]
[4]
[5]
(6]
[7]
(8]
[l

(10]

(1]
[12]

[13]
(14]

[15]

[16]

[17]

(18]

Sadeghieh, A., Alikhani, S., Ghanbari, N. & Khalaf, A. J. (2017). Hosoya polynomial of some cactus chain. Cogent
Math., 4,1-7.

Husimi, K. (1950). Note on Mayer’s theory of cluster integrals. J. Chem. Phys., 18, 682-684.

Chellali, M. (2006). Bounds on the 2-dimensional number in cactus graph. Opuscula Math., 2, 5-12.

Majstorovi¢, S., Dosli¢, T. & Klobuéar, A. (2012). k-Domination on hexagonal cactus chain. Kragujevac |. Math., 36,
335-347.

Sadeghieh, A., Ghanbari, N. & Alikhani, S. (2018). Computation of Gutman index of some cactus chains. Electron. J.
Graph Theory Apll., 6(1), 138-151.

Gutman, I, Trinajestié, N. (1972). Graph theory and molecular orbitals total 7r-electron energy of alternant
hydrocarbons. Chem. Phys. Lett., 17, 535-538.

Ranjini, PS., Lokesha, V. & Usha, A. (2013). Relation between phenylene and hexagonal squeeze using harmonic
index. Int. |. Graph Theory, 1, 116-121.

Li, X., Zheng, J. (2005). A unified approach to the extremal trees for different indices. MATCH Commun. Math. Comput.
Chem., 54, 195-208.

Gutman, I., Lepovi¢, M. (2001). Choosing the exponent in the definition of the connectivity index. J. Serb. Chem. Soc.,
66(9), 605-611.

Lokesha, V., Deepika, T. (2016). Symmetric division deg index of tricyclic and tetracyclic graphs. Int. J. Sci. Eng. Res,
7(5), 53-55.

Alexander, V. (2014). Upper and lower bounds of symmetric division deg index. Iran. J. Math. Chem., 52, 91-98.
Gupta, C.K., Lokesha, V., Shwetha, B.S. & Ranjini, P.S. (2017). Graph operations on the symmetric division deg index
of graphs. Palestine. ]. Math., 6(1), 280-286.

Azari, M., Iranmanesh, A. (2011). Generalized Zagreb index of graphs. Studia Univ. Babes-Bolyai., 56(3), 59-70.
Sarkar, P.,, De, N. & Pal, A. (2018). The generalized Zagreb index of some carbon structures. Acta Chem. lasi, 26(1),
91-104.

Sarkar, P, De, N. & Pal, A. (2018). Generalized Zagreb index of some dendrimer structures. Uni. |. Math. Appl., 1(3),
160-165.

Farahani, M. R., Kanna, M. R. R. (2015). Generalized Zagreb index of V-phenylenic nanotubes and nanotori. J. Chem.
Pharm. Res., 7(11), 241-245.

Farahani, M. R. (2015). The generalized Zagreb index of circumcoronene series of benzenoid. J. Appl. Phys. Sci. Int.,
3(3), 99-105.

Sarkar P, De, N., Congul, I. N. & Pal, A. (2018). The (a,b)-Zagreb index of some derived networks, | Taibah Univ. Sci.,
DOI: 10.1080/16583655.2018.1535881.

(© 2019 by the authors; licensee PSRP, Lahore, Pakistan. This article is an open access article
distributed under the terms and conditions of the Creative Commons Attribution (CC-BY) license
BY

(http:/ /creativecommons.org/licenses /by /4.0/).


http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/

	Introduction
	Main Results
	Conclusions

