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Abstract

A sample of 60,410 bona fide optical quasars with astrometric proper motions in Gaia Early Data Release 3 and
spectroscopic redshifts above 0.5 in an oval 8400 square degree area of the sky is constructed. Using orthogonal
Zernike functions of polar coordinates, the proper motion fields are fitted in a weighted least-squares adjustment of
the entire sample and of six equal bins of sorted redshifts. The overall fit with 37 Zernike functions reveals a
statistically significant pattern, which is likely to be of instrumental origin. The main feature of this pattern is a
chain of peaks and dips mostly in the R.A. component with an amplitude of 25 μas yr−1. This field is subtracted
from each of the six analogous fits for quasars grouped by redshifts covering the range 0.5 through 7.03, with
median values of 0.72, 1.00, 1.25, 1.52, 1.83, 2.34. The resulting residual patterns are noisier, with formal
uncertainties up to 8 μas yr−1 in the central part of the area. We detect a single high-confidence Zernike term for
the R.A. proper motion components of quasars with redshifts around 1.52 representing a general gradient of
30 μas yr−1 over 150° on the sky. We do not find any small- or medium-scale systemic variations of the residual
proper motion field as functions of redshift above the 2.5σ significance level.

Unified Astronomy Thesaurus concepts: Quasars (1319); Astrometry (80); Proper motions (1295); Observational
cosmology (1146); Cosmic isotropy (320)

1. Introduction

It is generally assumed that the Hubble flow of the
expanding universe has a time-dependent radial component
but no time-dependent tangential component. The existence of
such a nonradial component would imply that observers
located at different parts of the universe at earlier cosmological
epochs would see an asymmetric distribution of radial
expansion on the sky. This can be taken as an observable
violation of the cosmological principle, extended to the time
domain, which asserts that the observed motions of distant
quasars do not exhibit a position dependence beyond that
induced by the local effects of relativistic aberration and
Doppler boosting. Using statistical and astrometric terms, the
testable null hypothesis based on this principle is that a
sufficiently large sample of quasars in a sufficiently large area
of the sky is expected to have zero systemic tangential motion.
The full-sky distribution of quasars exhibits a dipole comp-
onent significantly larger than predicted, given a purely
kinematic interpretation of the cosmic microwave background
dipole, apparently violating the cosmological principle (Secrest
et al. 2021). In this letter, we develop a unique test of the
cosmological principle that uses precision astrometry of a large
number of spectroscopically confirmed quasars.

The advancement of space astrometry, culminating in the
European Space Agency’s Gaia mission (Gaia Collaboration
et al. 2016), opens up new pathways to testing this basic
assumption. The intersection of the Gaia Early Data Release 3
(EDR3 hereafter; Gaia Collaboration et al. 2021a) with the
mid-infrared quasars and AGNs detected by Wide-field
Infrared Survey Explorer (WISE; Secrest et al. 2015) counts

over 600, 000 sources with measurements of proper motions
and parallaxes. These astrometric measurements are expected,
in general, to deviate from zero only because of observational
and statistical errors. This Bayesian prior has been used to
construct the fundamental optical reference frame Gaia
Celestial Reference Frame (CRF). Indeed, the indeterminate
rigid rotation of the proper motion system has been removed by
constraining the overall spin of a large all-sky ensemble of
quasars to zero (Gaia Collaboration et al. 2018). This helps to
make the Gaia CRF as closely inertial as possible. The desired
quality of the reference system comes at the cost of being in
part predicated on the cosmological principle and the standard
cosmological model.
The main purpose of this study is to test if large-scale

systemic patterns of tangential motion can be found at the
early stages of cosmic expansion with available astrometric
and spectroscopic data. Our approach is to collect a large
sample of optical quasars with accurate spectroscopic red-
shifts from the Sloan Digital Sky Survey (SDSS) and proper
motion measurements from Gaia EDR3. The zero-points of
astrometric proper motions are corrected for small biases, and
their formal errors are inflated by a factor of 1.06 to make the
sample distribution consistent with the theoretically expected
probability distribution (V. V. Makarov & N. J. Secrest 2022,
in preparation). The observed proper motion field of sources
within a large elliptical area of the sky is fitted with a limited
set of 2D Zernike functions. The resulting pattern is
considered to represent systematic (sky-dependent) astro-
metric errors of the Gaia mission. The fitting procedure is
repeated for six subsamples of quasars corresponding to six
nonoverlapping intervals of redshift. The instrumental pattern
for the general sample is subtracted from each fit, and
the residual maps are investigated for statistically significant
signals.
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2. Astrometric Quasar Sample

We start with a collection of 621, 946 sources from the mid-
IR-selected quasars from (Secrest et al. 2015) crossmatched
with Gaia EDR3 within a circle with an angular radius of 0 5.
We downselect only objects with spectroscopically measured
redshifts from the SDSS-IV (Blanton et al. 2017) specObj-
dr16.fits table1 of high quality, as detailed in V. V.
Makarov & N. J. Secrest (2022, in preparation). We also
remove potential stellar interlopers by applying the filter
parallax/parallax_error <4. These two cuts leave
125,933 sources that are bona fide quasars with valid proper
motion measurements.2 The next cut is at redshift z> 0.5,
leaving 107,568 objects. This filter removes active galactic
nuclei (AGNs) hosted by relatively nearby galaxies that are
resolved by Gaia, which introduces unmodeled variance in the
astrometric solution (V. V. Makarov & N. J. Secrest 2022, in
preparation). We further apply a filter at the Gaia quality
parameter phot_bp_rp_excess_factor <1.4, which may
help remove double AGNs, optical pairs, and multiply imaged
lenses with perturbed astrometry. The proper motions are
corrected with zero-point offsets of −3 and +2 μas yr−1, and
the standard errors are inflated by factors 1.056 and 1.064 for
R.A. and decl. components, respectively. These corrections
make the overall sample of normalized proper motions close to

( ) 0, 1 . Our empirically determined error correction factors
are consistent with the standard deviation of normalized proper
motions of 1.063 determined by Gaia Collaboration et al.
(2021b).

Even after these cuts, there is a small admixture of sources
with elevated proper motions. This can be seen, for example,
from the highest quantiles of the absolute proper motion in
R.A.: {2.252, 2.735, 8.015} mas yr−1 at {0.998, 0.999, 1.0}.
Because of the subsequent weighting with the (inflated) formal
errors, we want to get rid of statistical outliers and a few
remaining stars, which can affect the estimated systemic
patterns. This is achieved by removing a few percent of the
working sample with normalized proper motion components in
excess of 1.96.

The distribution of resulting quasar sample on the sky is
shown in Figure 1. Since we are after large-scale sky-correlated
signals, only the largest contiguous area can be used. The
dotted red line indicates the boundary of a contiguous area
where most of the SDSS sources are located, selected for this
study. The center of this area is at (α0, δ0)= (184°.4, 31°.0),
with semimajor axes (sα, sδ)= (75°, 36°). Note that the selected
area is roughly elliptical on the celestial sphere and is extended
in the R.A. direction. We compute normalized angular
coordinates and polar coordinates for each quasar as
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Only quasars with r< 1 are accepted, yielding a final working
sample of 60,410 objects. The covered area is roughly 8400
square degrees.

3. Computations

Zernike functions ( )fZ r,n
m , sometimes called odd and

even Zernike polynomials, are orthogonal scalar functions
representing a basis of functions defined on a unit disk.3 They
are composed of the radial Zernike polynomials of degree n
and Fourier harmonics of order m, n�m� 0. These functions
are often used in optical engineering to describe optical
aberrations (Born & Wolf 1959) and in astrometry to represent
instrumental distortions in circular fields of view (Makarov
et al. 2012). We use 37 lower-order Zernike functions ordered
according to the Noll’s scheme, which is the complete setup to
n= 7. Going for higher degrees and wavenumbers is not
justified lest our results become affected by the small-scale
structure at the level of superclusters. There is no specific
correspondence between the Zernike function degree and a
characteristic wavenumber, but we note that up to seven
waves in azimuth f are present at n= 7. Very roughly, the
characteristic wavelength captured by this decomposition
is 55°.
The functional fit is computed by a least-squares solution for

37 coefficients separately for R.A. and decl. proper motion
components. Each of the 60,410 equations is weighted by the
corrected standard error. We note that a full least-squares
adjustment is required, because the orthogonality of the
continuous Zernike functions is not preserved on the discrete
set of sources due to the nonuniform distribution of the number
density and weights. The former can be seen by eye in
Figure 1. The products of the two solutions are two sets of
coefficients in units of mas yr−1 and their 37× 37 covariance
matrices. The square root of the diagonal provides the formal
uncertainties of the fit.

Figure 1. Sky footprint of spectroscopic quasars from SDSS with valid proper
motion measurements in Gaia EDR3. The red dotted line indicates the
boundary of the elliptical area selected for this study.

1 https://www.sdss.org/dr16/spectro/spectro_access
2 A valid measurement means that the measurement has an error estimate, not
that the measured proper motion is significant. 3 https://mathworld.wolfram.com/ZernikePolynomial.html
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4. Results

4.1. Full Sample

The Zernike function fit of the general sample of 60,410
quasars in the selected area of the sky essentially represents the
smoothed proper motion field. The value of this field for any
point within the area is computed from the known values of the
fitting functions and their estimated coefficients. The result is
displayed in Figure 2 as a color-coded map with contours of
equal levels. The amplitude of proper motion variation in the
R.A. component (left plot) is slightly larger than that in the
decl. component (right plot) reaching 25 μas yr−1 in the central
part. The main feature is a chain of dips and peaks stretching
mostly in the east–west direction. A trace of a similar feature
seems to be present for the decl. component, but it is less
pronounced. Is this pattern statistically significant? The

standard error of the fit for each point {r, f} is computed as

( ) [ ( ) ( )] ( )( ) ( )s f f f= Z C Zr r r, , , , 2Z T Z 1
2

where C(Z) is the covariance matrix of the solution vector, and
Z(r, f) is the vector of Zernike function values.
The resulting distribution of the error of the fit is shown in

Figure 3. The best precision of 3 μas yr−1 or better is achieved
in small patches near the center where the density of quasars is
the highest. The fit performance deteriorates toward the edges
of the sampled area, which is a feature of the Zernike radial
polynomials. The sharp variations near the boundary seen in
Figure 2 are therefore not of high significance. The overall
reliability of the fit can also be quantified by the robustness of a
least-squares solution introduced in Makarov (2021), which
depends on the spectrum of singular values of the weighted
design matrix. This value comes up to = 21.9, which is a

Figure 2. Contour maps of proper motion fields in R.A. (left) and decl. (right) coordinates fitted with 37 Zernike functions each. The values are in mas yr−1. The
coordinates are in degrees. Note the direction of the R.A. axis increasing from left to right.

Figure 3. Contour maps of standard errors of the component proper motion fields in R.A. (left) and decl. (right) shown in Figure 2. The values are in mas yr−1. The
coordinates are in degrees. Note the direction of the R.A. axis increasing from left to right.
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high robustness indicating a factor of∼1/2 reduction with
respect to the absolute maximum value = 40.4max for this
problem.

An alternative way of estimating the significance of the fit is
to consider the S/N values of the Zernike function coefficients,

( )( ) ( )c = a C , 3i
Z

i
Z

ii

where ( )ai
Z , i= 1, 2,K,37, are the estimated coefficients. These

values are expected to be drawn from ( ) 0, 1 in the null
hypothesis (no signal). We find three terms for the R.A.
fit with |χ| values in excess of 3, corresponding to a
confidence of 0.99865, namely, ( )= - +Z r r5 1 6 611

2 4 ,
( ) f= - +Z r r r2 3 3 12 10 cos16

3 5 , and (= -Z r14 623
2

) f+r r20 15 sin 24 6 . Together, they are responsible for the
pattern seen in Figure 2 (left). The decl. fit, on the other hand,
does not have any terms with |χ| values exceeding 2.45. The p-
values from statistical testing of the sample distribution are, for
the R.A. fit, 0.0014 from the Anderson–Darling test and
0.00018 from the Pearson χ2 test, whereas they are 0.094 and
0.14, respectively, for the decl. component. The largest S/N in
terms of absolute value is −6.2 and is achieved for the most
prominent blob at {207°, +18°}.

4.2. Residual Proper Motion Fields at Different Redshifts

The same least-squares fitting procedure is repeated for six
subsets of the general sample grouped by redshift. The intervals
of z and the median values are specified in Table 1. Each subset
includes 1/6 of the sample, i.e., about 10,068 quasars. The
robustness of these fits varies between 8.3 and 9.0. The
numbers are smaller than the general robustness because of the
smaller number of condition equations, while the reduction
with respect to the theoretical maximum of 16.2 is still about
1/2. This proves that no additional structural weakness is
introduced in the solution by binning the sample into six
subsamples.

Once the proper motion field is fitted for each redshift subset,
the general sample fit is subtracted yielding a residual fit. This
subtraction is performed directly in the space of Zernike
coefficient vectors. The covariance of the residual vector is
assumed to be the sum of the covariances for the general
sample and the given bin. The small positive correlation
between the two solutions is ignored, resulting in a systematic
overestimation of uncertainties. Using these data, S/N values
can be computed for the fit coefficients and for the residual
proper motion fields. Generally, the formal uncertainties of
Zernike coefficients increase by a factor of 6 with respect to
the overall sample, from 0.9 μas yr−1 to 2.2 μas yr−1.

Across the six redshift subsets, we found only one Zernike
function term (out of 444 fitted) with a S/N value above 3. This

term is f=Z r2 cos2 with a χ=−3.226 for the residual R.A.
component of bin 4, which has a median redshift of 1.52. The
corresponding pattern is a gradient of proper motion in R.A.
across the sampled area from −15 μas yr−1 at the east end to
+15 μas yr−1 at the west end. The formal confidence of this
trend is 0.99937. The next most significant terms are Z1= 1
with a χ= 2.52 for decl. proper motions in bin 1 (i.e., a
constant positive offset of 5 μas yr−1) and (= - +Z r2 3 418

3

) fr5 cos 35 with a χ=−2.37 for decl. proper motions in
bin 2.

5. Discussion

We collected a sample of 60,410 distant quasars with
accurate spectroscopic redshifts from the SDSS and proper
motions from Gaia in a contiguous oval area of approximately
8400 square degrees (1/5 of the sphere). Fitting 37 Zernike
functions of scaled polar coordinates to this general sample
resulted in a statistically significant pattern of proper motions
characterized by a string of alternating dips and peaks mostly in
the R.A. component separated by approximately 38° on the
sky. The most prominent features reach S/N values of 6 and
higher and correspond to proper motion deviations up to
25 μas yr−1. This pattern is almost certainly of instrumental
origin and represents a sky-correlated systematic error in the
Gaia data. We subtract this artifact from each of six analogous
fits for proper motions of quasars divided into nonoverlapping
subset by redshifts covering the range from 0.5 to 7.03. The
residual proper motion fields, unfortunately, have greater
formal uncertainties up to ∼8 μas yr−1 in the center of the field.
For the redshift-selected subsets, we find only one Zernike

term that can be considered highly significant. This term
represents a linear gradient of the R.A. component for quasars
around z= 1.52 (bin 4) in the R.A. direction from −15 to
+15 μas yr−1 across the sampled area. Taking into account the
full extent of 150°, this pattern can only represent a large-scale
anomaly, if it is real. The other detected signals are of much
lower confidence. The achieved sensitivity can be quantified by
the median length of the fitted proper motion vector field,
which varies between 12 and 16 μas yr−1 for the six samples of
redshift. With the cosmological parameters of concordance
ΛCDM (Planck Collaboration et al. 2020), the corresponding
characteristic tangential velocity ranges between 1.0× 105 and
1.3× 105 km s−1 at the median redshift values (Table 1). The
upper limit on any transverse motion exhibited by the quasars
in our sample is therefore 105 km s−1.
As galaxy groups can exhibit bulk motions of up to

1000 km s−1 without being significantly in tension with the
cosmological principle (e.g., Colin et al. 2011; Mohayaee et al.
2020), our results show that a future astrometric mission will
need to accomplish about a factor of ∼100 improvement in
astrometric precision to be useful for such tests of concordance
cosmology. This may be possible if combining data from a
future Gaia-like mission such as GaiaNIR with current Gaia
data (e.g., Hobbs et al. 2021). We have therefore presented in
this work a mathematical formalism and methodology for
performing an important test of the cosmological principle once
such data become available (around 2045; Høg 2021).
While this astrometric test of the cosmological principle will

have to wait a couple of decades, we note that even the large
limits we have placed on bulk transverse motion in our sample
would otherwise have to be assumed. In a spectroscopic sample
of galaxies or quasars, the observed cosmological redshift is a

Table 1
Redshift Boundaries and Median values for the Six Subsets of Quasars

bin Min [z] Max [z] Median [z]

1 0.50 0.87 0.72
2 0.87 1.13 1.00
3 1.13 1.38 1.25
4 1.38 1.66 1.52
5 1.66 2.05 1.83
6 2.05 7.03 2.34
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function of the true cosmological redshift, the relativistic
Doppler effect, and the gravitational redshift. The latter term is
of order 10−5 (e.g., Wojtak et al. 2011), so the primary
degeneracy is with the relativistic Doppler effect. This is
expressed as:

( ) ( )g b q+ = +z1 1 cos , 4

where γ is the Lorentz factor, β= v/c, and θ is the angle of
motion with respect to the line of sight. For transverse motion,
1+ z= γ, so spectra appear redshifted due to time dilation. The
upper limit our work has set is β c/3, or Δz< 0.06. This is
comparable to the redshift difference, induced by radial motion,
at which cluster membership can be discriminated, so even the
modest limits set by current data may still be of use for studies
of large-scale structure.

High-precision astrometry allows for the motion of the
universe to be studied directly, opening up entirely new
windows into important astrophysical questions, such as the
structure and motion of the Galaxy and its satellites. With the
advent of Gaia, novel uses of precision astrometry in the
extragalactic domain, such as studying the structure of AGN
jets (e.g., Kovalev et al. 2017), or detecting dual AGNs (e.g.,
Shen et al. 2021), have been developed. In this work, we have
introduced a new methodology, based on methods developed
for optical engineering, to constrain the transverse bulk motions
of quasars, which are important “test particles” for cosmolo-
gical studies. It is clear that current and future astrometric
capabilities are becoming increasingly important for 21st
century astrophysics (Kopeikin & Makarov 2021).
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