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Abstract

We know that the diverse applications of matrix sequences in fields such as physics, engineering, architecture,
nature, and art. Numerous authors have delved into the study of these matrix sequences in existing literature.
In this study, we define and investigate the generalized Guglielmo matrix sequence. For this aim we explore
four specific cases of that sequence that are called triangular matrix sequences, Lucas-triangular matrix
sequences, oblong matrix sequences, and pentagonal matrix sequences. Next, we present Binet’s formulas,
generating functions, the summation formulas and some elementary identities for these sequences. Moreover,
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we give some identities and matrices related with these sequences. Furthermore, we show that there always
exist some relationship between generalized triangular, Lucas-triangular, oblong and pentagonal matrix
sequences.

Keywords: Triangular matrixz sequence; Lucas-triangular matriz sequence, oblong matrix sequence; pentagonal
matriz sequence.
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1 Introduction

In this section, we present some properties of the generalized Guglielmo sequence, such as reccurance relations,
Binet’s formula, generating function and characteristic equations, that we will need rest of the our study. For
more detail see, Soykan, (2022).

A generalized Guglielmo sequence {W, }n>0 = {Win(Wo, Wi, W2)},>0 is given by the third-order recurrence
relations.

W =3Wn_1 —3Wn_o+ W,_3 (1.1)

with the initial values Wy = co, W1 = ¢1, Wa = ¢2 not all being zero.

The sequence {W, },>0 can be extended to negative subscripts by defining

W_n =3W_(n_1) = 3W_(n—2) + W_(n_3)
for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.
Now we present four special cases of the sequence {W, }. Triangular sequence {7}, }» >0, triangular-Lucas sequence

{Hn}n>0, oblong sequence {Oy},>0 and pentagonal sequence {pn}n>0 are defined, respectively, by the third-
order recurrence relations

Tn = 3T —3Th—2+ T, 3, To=0,T1 =1, To =3, (1.2)
H, = 3Hn, 1 —3H, o+ Hn, 3, Ho=3, Hi =3, Hy=3, (1.3)
On = 30m_1—30n_2+0,3, Op=0, 01 =2, Os =6, (1.4)
Pn = 3Pn—1—3pn—2+pPn-3, po=0,p1=1 p2=5 (1.5)

The sequences {T }n>0, {Hn}n>0, {On}tn>0 and {pn}n>0 can be extended to negative subscripts by defining

T-n = 3T_(n—1) = 3T_(n_2) + T_(n_3),
H_n, = 3H_(n_1)—3H_(n_2)+ H_(n_3),
O-n = 30_(n—1) —30_(n—2) + O_(n_3),
P-n = 3P_(n-1) = 3P—(n-2) T P—(n-3)
for n = 1,2,3,... respectively. Therefore, recurrences (1.2)-(1.5) hold for all integer n. Now, we give some

properties related to generalized Guglielmo numbers that we need for the rest of the study.
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e The Binet’s formula of generalized Guglielmo numbers can be given as

W, = Ay + Aon + Azn® (1.6)
where
Ay = W,
Ae = L(-Wat AWi — 3W),
As = L(Wa—2Wi+ W),
ie.,
W, = Wo + %(—W2 +4W, — 3Wo)n + %(W2 —2W + Wo)n®. (1.7)

e For all integers n, triangular, triangular-Lucas, oblong and pentagonal numbers (using initial conditions
in (1.7)) can be expressed using Binet’s formulas as

T, — n(n + 1)’
2

H, = 3,

On = n(n+1),

respectively.

o0
e Suppose that fw, (z) = >, Wya™ is the ordinary generating function of the generalized Guglielmo

n=0

sequence {Wp, }n>0. Then, > W,z" is given by

n=0

(1.8)

i W — Wot (Wi — 3Wo)x + (Ws — 3W1 + 3Wo)z?
nl = .
1—3z+ 322 — 23

e Here, the characteristic equation of the generalized Guglielmo sequence
2 —32° 432 -1=0.
e (Simpson’s formula for generalized Guglielmo numbers) For all integers n, we have the following identity.
Wn+2 Wn+1 Wn
Wn+1 Wn Wn—l = —(W2 — 2W1 + W0)3.
Wn anl Wn72

Next, the first few generalized Guglielmo numbers with positive subscript and negative subscript is given in the
following Table 1.

Next, we present the first few values of the Triangular and Triangular-Lucas, oblong and pentagonal numbers
with positive and negative subscripts:

For more detail, see Soykan, (2022).
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Table 1. A few generalized guglielmo numbers

n W, W_,

0 Wo Wo

1 W 3Wo — 3W1 + Wo

2 Wa 6Wo — 8W1 + 3W2

3 Wo — 3W1 + 3Wa 10Wy — 15W1 4 6Ws
4 3Wo — 8W71 + 6Ws 15Wy — 24W1 + 10Ws
5 6Wo — 15W1 + 10W5, 21Wo — 35W7 + 15Ws
6 10Wo — 24W1 + 15Ws 28Wo — 48W1 + 21Ws
7 15Wy — 35W5 + 21Ws 36Wy — 63W1 + 28W,
8 21Wo — 48W4 + 28Ws 45Wo — 80W1 + 36Wo
9 28Wo — 63W1 + 36Ws 55Wo — 99W; + 45Ws
10 36Wo — 80W1 + 45W> 66Wo — 120W71 + 55W,
11 45Wo — 99W1 + 55Ws T8Wo — 143W1 + 66Ws
12 55Wo — 120W7 + 66Ws 91Wo — 168W7 + 78W5
13 66Wy — 143W1 + 78Ws  105Wy — 195W1 + 91W,

Table 2. The first few values of the special third-order numbers with positive and negative

subscripts

n 0o 1 2 3 4 5 6 7 8 9 10 11 12 13
T, 0 1 3 6 10 15 21 28 36 45 55 66 78 91
T_, 0o 1 3 6 10 15 21 28 36 45 55 66 78
H, 3 3 3 3 3 3 3 3 3 3 3 3 3 3
H_, 3 3 3 3 3 3 3 3 3 3 3 3 3
O, 0 2 6 12 20 30 42 56 72 90 110 132 156 182
O_n 0 2 6 12 20 30 42 56 72 90 110 132 156
Pn 0 1 5 12 22 35 51 70 92 117 145 176 210 247
Pen 2 7 15 26 40 57 77 100 126 155 187 222 260

2 The Matrix Sequences of Generalized Guglielmo Numbers

Recently, numerous studies have explored sequences of numbers in the literature focusing on sequences of
Horadam (generalized Fibonacci) numbers and generalized Tribonacci numbers. These include well-known
sequences such as Fibonacci, Lucas, Pell, and Jacobsthal numbers, as well as third-order Pell, third-order Pell-
Lucas, Padovan, Perrin, Padovan-Perrin, Narayana, third-order Jacobsthal and third-order Jacobsthal-Lucas
numbers. The sequences of numbers have found widespread applications in various research areas, including
physics, engineering, architecture, nature and art. Conversely, matrix sequences have garnered attention,
particularly for different types of numbers. Next, we present some study published in the litherature related to
matrix sequences.

e For study related to Generalized Fibonacci matrix sequences see, Civciv and Turkmen, (2008a),Civciv
and Turkmen, (2008b),Frontczak, (2018), Gulec and Taskara, (2012), Uslu and Uygun 3, (2013), Uygun
S and Uslu K, (2015), Uygun 3, (2016), Uygun S, (2019), Yazlik et al., (2012), Wani et al., (2018).

e For study related to Generalized Tribonacci matrix sequences see, Cerda-Morales, (2019), Soykan,
(2020), Soykan, (2020), Soykan et al., (2021), Soykan et al., (2021), Yilmaz et al., (2013), Yilmaz et al.,
(2014).

e For study related to Generalized Tetranacci matrix sequences see, Soykan, (2019).

In this section we define generalized Guglielmo matrix sequence and investigate its properties.
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Definition 2.1. For any integer n > 0, the generalized Guglielmo matrix (MW,,) is defined by

MW, = 3MWi_1 — 3MWi_a + MW, _s 2.1)
with initial conditions
Wi Wa — 3Wh Wo
MWy = Wo Wy — 3Wy 3Wo — 3W1 + Ws s
3SWo —3W71 +Wo  9W7; — 8Wo — 3Ws 6Wo — 8W7 + 3Wo
Wy Wy —3W1 Wy
MW, = Wy, Wa —3W; Wo ,

Wo Wi —3Wy 3Wo—3W71+ Ws

Wo —3W1 +3Wo W; —3Ws Ws
MWy = Wa Wo —3W1 Wi
Wi Wy —3W71 Wh

The sequence { MW, },>0 can be extended to negative subscripts by defining

MW_,, = 3MW,<n,1) — SMW,(H,Q) + MW,(nfg)

for n =1,2,3, ... respectively. Therefore, recurrence (2.1) holds for all integers n.

Three special cases of generalized Guglielmo matrix sequence, taking W,, = T,,, W,, = H,,, W, = Oy, W,, = Dy,
respectively, can be defined as follows.

Definition 2.2. For any integer n > 0, the triangular matrix (M7, ), Lucas-triangular matrix (MH,), oblong
matrix (MO,,) and pentagonal matrix (Mp,) are defined by

MT, = 3MT,_1—3MTh_o+ MT,_3,
MH, = 3MH,_1—-3MH, >+ MH,_3,
MO, = 3MOp—1—-3MOpn_2+ MO, _3,
Mpn, = 3Mpp_1—3Mpp_2 + Mpn_3

respectively, with initial conditions

1 00 3 -3 1 6 —8 3
MTy, = 010 |, Mn=[(1 o0 M= 3 -3 1 |,
00 1 0 1 1 0 0
3 —6 3 3 —6 3 3 -6 3
MH, = 3 6 3 |, MHy=(3 -6 3|, MH.=| 3 -6 3 |,
3 -6 3 3 -6 3 3 -6 3
2.0 0 6 —6 2 12 —16 6
MO, = 020 ]|, MO1=|2 0 0], MO=| 6 -6 2 |,
0 0 2 0 2 0 2 0 0
1 2 0 5 -3 1 12 —14 5
Mpy = 0 1 2|, Mpr=[1 2 0], Mp=| 5 -3 1
2 -6 7 0 2 1 2 0
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The sequences (MT,), (MHy), (MO,) and (Mp,) can be extended to negative subscripts by defining

MT_ = BMT. (1) —3MT_(n 2+ MT_(, 3,
MH = 3MH_(u 1) —3MH_(y_p)+ MH_ (s,
MO_, = 3MO-_(n 1) —3MO-_ (2 + MO_(n_s),
Mp_n = 3BMp_(n_1) = 3Mp_(n—2) + Mp_(n_3)

for n = 1,2, 3, ... respectively.

The following theorem gives the nth general terms of the generalized Guglielmo matrix sequence.

Theorem 2.1. For any integer n, we have the following formulas of the generalized Guglielmo matrix sequence:
Wn+l _SWTL + anl Wn

MWy = Wn —3Wnt1+Wno War |. (2.2)
anl 73Wn72 + Wn73 Wn72

Proof. Suppose that n > 0. We prove (2.2) by mathematical induction on n. If n = 0, since W_; = 3W, —
3W1 + Wy, W_o =6Wo — 8W1 + 3Ws, W_3 = 10Wy — 15W; + 6W5, we have

Wi —3Wo + W_1 Wo

MWy = Wo —=83W_1+W_o W_,
W_1 -3W_o+W_3 W_o
Wi Wy — 3W Wo
= Wo W1 — 3Wy 3Wo — 3W1 + Wo

3Wo —3W1 + Wa  9W; — 8Wy — 3Wa  6Wo — 8W51 + 3Was

which is true. Assume that the equality holds for n < k. For n = k + 1, we have

MWii1 = 3MWi —3MWi_1 + MWi_»
Wier  —3Wi + Wi Wk Wik-1)+1  —3We_1) + W11 Wik—-1)
= 3 W —3Wi_1+Wio Wi_1 | —3 Wa-1y —3Wa_1y-1 +We-—n—2 We_1)—1
Wi—1 —3Wi_o+ Wiz Wi_o Wi-1)-1 —3Wi—1)—2 +Wp_1)-3 Wni_1)—2

Wi—2y+1  —3Wi—2) + Wi_2y—1 Wik—2)
+ Wik—2y —3Wng—2)—1 +Wr_2y—2 Wu_2)—1
Wi—2y-1 —3Wk_2y—2 +Wi_2y-3 Wni_2)_»

Wik+1)+1 —3Wha1 + Wig1)—1 Wi
= Wit = 3Wigy—1 + Waery—2 - Wagny—1
Waisry-1 —3Waany—2 + Wagy—3  Weany—2
Thus, by strong induction on k + 1, this proves (2.2).

For the case n < 0, (2.2) can be proved by strong mathematical induction on n. O

The following corollary gives the nth general terms of the the triangular matrix (MT,,), Lucas-triangular matrix
(MH,), oblong matrix (MO,,) and pentegonal matrix (Mp,).
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Corollary 2.2. For any integer n, we have the following formulas of the matrix sequences:

Tn+1 _3Tn +Tn—1 Tn

MTn - Tn _3Tn71 + Tn72 Tnfl 3
Tnfl _3Tn72 + Tn73 Tn72
Hn+1 _3Hn + anl Hn

MHn = Hn _3Hn71 + Hn72 Hn—l ;
Hn—l 73Hn—2 + Hn—3 Hn—2
On+1 _30n + On—l On

MOn = On 73071,—1 + On—2 On—l 5
Onfl _3071,72 + On73 On72
Pn+1 73pn +pn71 Pn

Mpn = Pn _3pn71 +pn72 Pn—1
Pn—1 —3Pn-2+Dn-3 Dn-2

Lemma 2.3. We suppose that a = =+, the Binet’s formula of generalized (r, s,t) sequence is
Wo = (A1 + Aan + Azn®) x " (2.3)

where a, B, are the Toots of the characteristic equation of the generalized (r,s,t) sequence and

Al = W07
1

Ay = 5(—W2 + 4W4 —3W0),
1

Az = §(W2 —2W1 + Wo).

We now give the Binet’s formula for the generalized Guglielmo matrix sequence.

Theorem 2.4. For every integer n, the Binet’s formula of the generalized Guglielmo matriz sequence are given

by
MW, = MA; + MAsn + MAsn® (2.4)
where
MA, = MWy,
MA; = %(*MW2 + AMW; — SMWY),
MA; = %(MWQ —2MW7 + MWy).

Proof. The proof can be done easily by using Lemma 2.3. O

The following corollory gives the Binet’s formulas of the triangular, Lucas-triangular, oblong and pentagonals
matrix sequences.

Corollary 2.5. For every integer n, the Binet’s formulas of the triangular, Lucas-triangular, oblong and
pentagonals matriz sequences, respectively, are given by

(a)
MT,, = MB; + MBan + MBsn?
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where

i.€.

(b)

where

i.e.

(c)

where

i.€.

1 0 0
MB; = MTy= 0o 1 0 |,
0 0 1
3 1
1 i A
MBy = 5(*MT2+4MT1*3MT0): 5 0 -3 ,
1 3
-2 2 =3
1 % -1 %
MB; = §(MT2—2MT1+MTO): -1 1
P f
%n2 + %n +1 —n?—2n %n2 + %n
MT,, = %nz + %n 1—n? %nQ — %n
in2—1p 2n — n? n2—3n+1
2 2 2 2
MH, = MCy + MCan + MCsn®
3 —6 3
MC, = MHy= 3 —6 3 R
3 -6 3
1 0 0 0
MCy = 5(—MH2+4MH1—3MH0): 0o o0 0 |,
0 0 0
1 0 0 0
MC3 = 5(MH2—2MH1+MH0): 0 0 0 |.
0 0 0
3 —6 3
MH,=| 3 -6 3
3 -6 3
MO,, = MD; + MDsn + MDsn?
2 0 0
MD; = MOy = 0o 2 0 |,
0 0 2
1 3 -4 1
MD,y = 5(—M02+4MO1—3M00): 1 0o -1 1,
-1 4 =3
1 1 -2 1
MD3 = 5(MO2—2M01+MOO): 1 -2 1
1 -2 1
n?+3n+2 —2n%—4n n?+n
MO, = n>+n 2 —2n? n?—n
n?—n 4n —2n® n?®—3n+2
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(d)
where
ME, =
ME; =
ME; =
i.e.
Mp,, =

Mp,, = ME; + MEan + MEsn?

1 2 0
Mpoy = 0o 1 2 R
2 -6 7
1 ( g —2 _%
S(=Mps +4Mp1 —3Mpo) = | -3 4 -1 |,
2 —7 10 13
2 2
1 % -3 %
5(./\/1]72 —2Mp1 + Mpo) = % -3 %
P
%722—;311—1—1 —3n2—2n+2 %nQ—%n

—1in —3n?+4n+1 3n? —In42
3% 72 2 a2 1
sn®—sn+2 —3n"+10n—-6 3n°— Fn+7

Now, we present some summation formulas for the generalized Guglielmo matrix sequence.

Theorem 2.6. For all integers m, j, we have the following formulas.

(a)
n—1
Z MW
k=0
(b)
n—1
> kMW
k=0
Proof.

(a) Using (2.4), we get

n—1

> MWy =

k=0

n—1

= Z(HMAl +MAQM

2 3 (2.5)

n(65% 4 65mn — 65m 4+ 2m?n? — 3m3n + m2))
6 .

+MAs; (2.6)

n(n—1) +MA2n(n—1)(3j—m+2mn)

= MA; 2 6

(n — 1) (652 + 8jmn — 45m + 3m>n? — 3m?n)
12 ’

+MA3 r

3
|
—

(MA, + MA;y (j + km) + MAs (j + km)?)

T
= O

n—1 n—1

MAL+ 37 MA (j+ km) + Y MAs (j + km)?

k=0 k=0

(]

T
= O

(nMA1+MA2M
2

=
o

n (6]'2 + 6jmn — 6jm + 2m?*n? — 3m?n + m2)

+MA; : ). (2.8)
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(b) Using (2.4), we get

n—1

> EMWipny; =

k=0

1
(EMA; + MAsk (j + km) + MAsk (j + km)?

3
|

T
- o

n—1 n—1

EMAL+ 3" MAsK ( + km) + Y MAsk (j + km)?
k=0 k=0
—1 1) (3j —m+2
n(nQ )+MA2n(n )(3]6 m + 2mn)
(n —1) (652 + 8jmn — 4jm + 3m?n? — 3m?>n)
12

k

MA,

I
o

TMA L .0

From the theorem given above, we obtain the following corollary, which deals with the summation formulas for
the triangular, Lucas-triangular, oblong, and pentagonal matrix sequences.

Corollary 2.7. For all integers m,j we have the following formulas.

(a)

(b)

n—1

Z MTk"H—j

k=0

n—1

Z EMTym+j

k=0

where

n—1

> MOkmy;

k=0

n—1

> EMOkm

k=0

where

n—1
- S M +M32w
k=0
n(6j2 + 6jmn — 6jm + 2m*n? — 3m?n + m2))
6 b

n (n2— 1) + MB," (n—1) (3j6— m+ 2mn)

+MBs3

= MbB

(n —1) (652 + 8jmn — 45m + 3m?n? — 3m?>n)
12

+MB3n

MB; =
MBy; =

MTy,
%(—:A41} +4AMT, —-31@41b)7

MB3 = %(MT2 — 2MTy + MTy).

S (aMCy + M, mn)
2

k=0

n(65% + 65mn — 6jm + 2m?n? — 3m’n + mz))
6 ’

n (an 1) MO (n—1) (3j67 m+ 2mn)

+MCs

= MC

(n — 1) (652 + 8jmn — 4jm + 3m?n? — 3m?>n)
12

Moz

10
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MC, = MHoy,
1
MCy; = 5(—MH2 + 4MH; — 3MH,),
1
MC; = i(MHQ —2MH + MHO)
(c)
n—1 n—1 n(2_m+mn)
ST MOwmy; = > (nMD +MD2%
k=0 k=0
65° + 6jmn — 6jm + 2m*n® — 3m? 2
+./\/lD3n(] + 65mn jm—g m°n mn—i—m))7
n—1
_ —1)(35 —
S kMOt = me + mp, )(SJG m + 2mn)
k=0
n(n — 1) (652 + 8imn — 4jm + 3m>n* — 3m?n)
+MD3 12
where
MDy = MOy,
1
MDD, = 5(—./\/102 +4MO; — 3MOQ),
1
MD3 = 5(MO2 — 2MO1 + MOy).
(d)
n—1 n—1 n(2_m+mn)
ZMpkm+j = Z(HME1 +ME2%
k=0 k=0
612 + Gimmn — 67 om2n2 — 3m2 2
+ME3n(‘7 + 65mn ]m—&(—3 m°n mn—&—m))7
n—1
-1 —1)(35 — 2
S kMprmi; = M&%JFMEQ”(” ) J6 m + 2mn)
k=0
n(n — 1) (652 + 8imn — 4jm + 3m>n? — 3m?n)
+MEs 12
where
MEI = MPO:
1
ME;, = 5(—Mp2 + 4Mp1 — 3./\/11)0),
1
ME; = i(Mpz — 2Mp1 + Mpo).

Next, we present the generating function of the generalized Guglielmo matrix sequence.

11
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Theorem 2.8. Let faw, (z) =Y o0 s MWya™ and A = (aij)3x3 denote the generating function of generalized
Guglielmo matriz sequences. Then,

- n MW+ (MW — 3MWo)z + (MWz — SMW; + 3MWo)a?
frw, (z) = ;Mwnm = 1_ 382+ 322 — 438 (2.9)

1
= A.
1—3z+ 322 — 23
where
ain = Wi+ (=3W1+Wy)x+ Woa?,
ay = Wy+ (—3W0 + Wl)l' + 3$2W0 + (—3W1 + WQ)ZEQ,
as1 = (3Wo —3W1 + Wa) + (—8Wo + 9W7 — 3Wa)x + (6Wo — 8W1 + 3W2)$2,
and
a2 = Wa—3Wi+ (Wo+6W1 —3Wa)x + (—3Wo + Wh)z?
azs = Wi —3WoH+ (9Wo —6W1 + Wg)x =+ (—8Wo +9W; — 3W2).CL‘2
azs = 9W7 —8Wy — 3Ws + (21Wo — 26W1 + 9W2)CL‘ + (—15Wo +21W, — 8W2)CL‘2
and
ais = Wo+ (=3Wo + Wi)z + (3Wo — 3W1 + Wa)a?,
azs = (3Wo — 3W1 + Wa) + (—8Wo 4+ 9W1 — 3Wa)x + (6Wo — 8W: + 3Wa)a,
asy = (6W0 — 8W1 + 3W2) =+ (—15Wo + 21W; — 8W2)$ =+ (10W0 — 15W71 + 6W2)122.

Proof. Using the definition of generalized Guglielmo matrix sequences, and substracting = famw,, (), 22 faw,, ()
and z° faaw,, (x) from faw, (z) we get

(1 — 3z + 32> — 2°) fauw,, ()

i MW, 2" — 3z i MW" + 322 i MW, z" — 2° i MW, z"

n=0 n=0 n=0 n=0
= i MW,z" —3 i MW,z +3 i MW,z 2 — i MWz
n=0 n=0 n=0 n=0

= i Mann -3 i MWn_1xn +3 i MWn_zmn — i ./\/an_gx"

n=0 n=1 n=2 n=3

= (MWy+ MWz + MWaz?) — 3(MWoz + MW12?) + 3MWoz®

+ ) (MW, = 3BMWy 1 + BMWy s — MW, _5)z"

n=3

= MWy + MWiz + MWaz® — 3MWoz — 3MWiz° + 3MWoz?
= MWy + (MW; — 3MWy)z + (MWa — MW, + 3MWy)z.

Rearranging the above equation, we obtain

iMW o= MWo+ (MW — 3MWo)x + (MWy — SMW; + 3MW)x?
~ e 1—3z+ 322 — 23

which equals the identity that stated in the in the Theorem. This completes the proof. [

The following corollary gives the generating functions of the triangular, Lucas-triangular, oblong and pentagonal
matrix sequences.

12
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Corollary 2.9. The generating functions for the triangular, Lucas-triangular, oblong and pentagonal matrix
sequences, respectively, are given as

(a) If we take MW,, = MT,, in the Theorem 2.8, we get,

oo 1 1 z(zx-3) x
E MW, z" = T 1-3x z2
_ 2 _ .3
n=0 1—-3z+3z x 22 x—322 32 -3zx+1

(b) If we take MW, = MH, in the Theorem 2.8, we get,

i/\/l . 3Ex71;2 76§x71;2 3Ex71§2
Wpa" = ———————— | 3(x-1)°> —6(x—-1)° 3(z-1)°
n=0 1=30 430" =2% \ 3,212 —6(@—1)? 3(x—1)

(c) If we take MW, = MOy, in the Theorem 2.8, we get,

2 2z (x — 3) 2z
2 2 — 6z 212

= 1
Z MW" =
n=0 22 —2x(3x—1) 622 —6x+2

T 1—3z 432 — a3

(d) If we take MW, = Mpy, in the Theorem 2.8, we get,

- 1 2z +1 2% — 9z + 2 z (2 +1)

§ MWz = : z(2z+1) —6z% —z+1 722 — 62+ 2
_ 2 _ 3

s L=3w430% =2% \ 72 6pf2 102241926 152% — 19247

Next, we give the generating function of the generalized Guglielmo matrix sequences with negative indices.

Theorem 2.10. Let gmw, (z) = > oo MW_pna™ be generating function of the generalized Guglielmo matriz
sequence. For negative indices, the generating function for the generalized Guglielmo matriz sequence is given
as follows

o _ _ 2
Z MW,z" = MWy + (MW_1 — 3MWy)x + (M2W723 SMW_1 + 3MWy)x (2.10)
= 1-3z+322 -2

1
-+ B
1—3x+3x2 —2x3

where B = (bij)3x3s and

biin = Wi+ (WO — 3W1).CL‘ + m2W2,
b1 = Wo+ (=3W1+ Wa)x + x2W1,
byr = (3Wo — 3W1 + Wa) + (—3Wo 4+ Wiz + z° W,
and
biz = Wa—3Wi + (=3Wo + 10W; — 3Wa)x + (Wo — 3W1)a?,
boo = Wi —3Wo+ (Wo+6Wy — 3Wa)z + (—3W) + Wa)a?®,
bz = 9W7; — 8Wy + —3Ws + (9Wo —6W1 + Wz)x + (—3Wo + W1)$2
and
bis = Wo+ (=3W1+ Wa)x+ x2W1,
by = (3Wo — 3W1 + Wa) + (—3Wo + Wh)z + 2° W,
bys = (6Wo— 8W1 + 3Wa) + (—8Wo + 9Wy — 3Wa)z + (3Wo — 3W1 + Wa)a.

13
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Proof. Using the definition of generalized Guglielmo matrix sequences, and substracting xgamw,, (), £2grmw,, ()
and z°gamw, (x) from gauw, () we get

(1 =3z + 32> — 2°) fraw_, (¥) = i MW_,z"™ — 3z i MW_,z"™ + 32° i MW _z™ —2® i MW_,z"
n=0 n=0 n=0 n=0
= i MW_,z"™ -3 i MW_, 2" +3 i MW_,z" 2 — i MW_,z"*3
n=0 n=0 n=0 n=0

= i MW_p,x™ —3 i MW,m,l)l’n +3 i MW,(n,Q)aJn — i MW,(n,g)xn

n=0 n=1 n=2 n=3

= (MWo+ MW_1z + MW_s2?%) — 3(MWoz + MW_,2?) + 3MWyz?

+ Z(?’MW—(n—l) - BMW_(n_Q) + MW_(n_;g)){En

n=3

= MWo+ MW_1z + MW_s2% — SMWoz — SMW_12> + 3MWyz?
= MWy + (MW—l — 3MWO)£E + (waz —3MW_1 + 3MWO)QZ2.

Rearranging above equation, we get

MWy + (MW_y — 3MWo)z + (MW_y — SMW_1 + 3MW,)z?
- 1—3x+3x2—23

Z MW, z"
n=0
which equals the identity that stated in the Theorem. [

The following corollary gives the generating functions of the triangular, Lucas-triangular, oblong and pentagonal
matrix sequences with negative subscript .

Corollary 2.11. The generating functions for the triangular, Lucas-triangular, oblong and pentagonal matrix
sequences with negative subscript, respectively, are given as

(a) If we take MW_, = MT_,, in the Theorem 2.8, we get,

o 1 322 —3x+1 ax—3z2 2
Z MT_,z" = 5 3 z2 1-—3z z
n=0 1 -3z +32° -z T z(x—3) 1

(b) If we take MW_,, = MH_,, in the Theorem 2.8, we have,

- 1 3(x—1° —6(x—1)> 3(z-1)°
> MH pa"=——— | 317 —6(x—-1)° 3(@@-1)°
=0 1230430 =22 \ 352 1)2 —6(e—1)? 3(x—1)°

(c) If we take MW_,, = MO_, in the Theorem 2.8, we obtain,

622 —6x+2 —2z(3z—1) 222

> " 1
(d) If we take MW_,, = Mp_,, in the Theorem 2.8, we get,
o . ] 522 — 3z +1 73172275m+2 z(z+2)
,;J Mo = 1—3z+322 —a? ‘ 5:0_:—22) sz _ Zm—+61 2x2x—25 +7

14
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Now, we give two special equality in the following lemma that we need rest of the study.

Lemma 2.12. ([Frontczak, (2018)])We assume that f(x) = Y anx™ is the generating function of the sequence

n=0
{an}n>0. Then the generating functions of the sequences {azn }n>0 and {azn+1}n>0 are stated as

fon) = 3 = LA IEVD
and

fornis (@) =Y azaaa™ = W@;—W

respectively.
Theorem 2.13. The generating functions of the sequence MWa,, and MWa, 41 are provided by

MWy + (MWa — 3MWy)z + (6MWy — 8MWy + 3MWs)z?
- 1—3z+ 322 — 23 ’

Frmws, (2) (2.11)

MW + (MWo — 6MW, + 3MWa)z + (3MWo — 3MWi + MWs)a?
fMW2n+1 (3:) = 1— 3%+ 322 — 23 :

(2.12)

Proof. We only proof (2.11). From Theorem (2.8) we can obtain following identities:

MWy — & (MW — 3MWo) + = (BMWo — SMWy + MWs)
32+ 3T+ a2 +1
MWy + /& (MW — 3MWy) + & BMWy — SMW1 + MWs)
fMWn(_\/E) = - 3 :
3vVr—3zx+z2 —1

frmw, (V)

Thereby, using lemma (2.12) identity (2.11) can be proved . The other identity can be found similarly. O

In the next corollary, we present the generating function of generalized Guglielmo matrix sequences with odd
and even subscript by using the Theorem 2.13

Corollary 2.14. The triangular, Lucas-triangular, oblong, and pentagonal matriz sequences with even and odd
subscript, respectively, are given as

(a) If we take MW,, = MT, in the Theorem 2.13, we get,

MTy + (MTy — 3MTy)x + (6MTy — SMT + 3MTy)x?

fMT271('T) = 1 — 3z + 322 — 23
1 3r+1 —8x z (z + 3)
2
1=3+32% —2% \ (324 1) 82 622 — 3z + 1

MTy + (MTy — 6MTh + 3MT)x + (3MTo — 3MTy + MTQ).Z‘Z
1—3z+ 322 — a3
1 z+3 z? — 6z — 3 3z+1
= 3x+1 —8x z(r+3)
_ 2 _ .3
1-3z+32® -z z(x+3) —322—6x+1 x(3z+1)

fMT21L+1 (:E) =

15
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(b) If we take MW,, = MH,, in the Theorem 2.13, we get,

MHy + (MHQ — 3MHO)1‘ + (6MHO — 8MH: + 3MH2)1‘2
1—3z+ 322 — a8
. 3(zx—1)7% —6(x—1)° 3(@x-1)>
= 3(z—1)?% —6(x—-1)° 3@x-1)7> |,
— 2 _ 3
=32 4+30% =22 \ 3,12 —6(@—1)? 3(x—1)

fms, (2)

MH; + (MHO — 6MH;, + SMHQ)CL‘ + (3MHO —3MH; + MHQ)CC2
1—3z+ 322 — 23

3(x—1)* —6(x—1° 3(x—-1)>

3(z—1)* —6(x—-1)7° 3(@xz—-1)>

3(x—1)* —6(x—17° 3(x—-1)>

fMH2n+l (x) =

1
1—3x+3x2— a3

(c) If we take MW, = MO,, in the Theorem 2.13, we get,

MOy + (M02 — 3./\/[00)12 + (GMOO —8MO1 + 3M02)$2

frmoz (@) = 1 -3z + 322 — 23
1 6x + 2 —16x 2z (x + 3)
= — 20 (x+3) —622—1224+2 203z +1)
— 2 _ 23
I=32+32% =27 \ 90 3z 4+ 1) 164 1227 — 6 + 2

MO1 + (MOy — 6 MO1 + 3MO2)zx + (3MOy — 3MO1 + MOQ)ZCQ
1—3z+ 322 — z3
L 2¢+6 222 — 122 — 6 6z + 2
= - 6x + 2 16z 2z (x + 3)
— 2 _ 53
=32 432° =27 \ 90 (2+3) —62®—120+2 2 (3z+1)

fMO2n+1 (.’E)

(d) If we take MO,, = Mpy, in the Theorem 2.13, we get,

Mpo 4+ (Mpa — 3Mpo)z + (6 Mpo — 8Mpy + 3Mps)z?
1—3z+ 322 — a3
1 22+ 9x+1  —62% — 20z + 2 z (7Tz +5)
2 2
= — 3 z (7T +5) —192° —6zx+1  152° —bx +2
L=3w432% —2% \ 1502 5019 _38224200—6 2622 —2lz+7

S Mps, (2)

Mp1 + (Mpo — 6 Mpy + 3Mpa)x + (3Mpo — 3Mp1 + Mp2)z?
1—3x+ 322 —x3

fMPZn+1 (m) =

1 Tx+5 r?—222 -3  22°4+9r+1
= ——— | 22°4+9zx+1 —62>-20x4+2 x(Tzx+5)
_ 2 _ 3
1-3z+3z% —2 e (Te+5) —192% — 6z +1 152> — 52 +2

3 Some Identities
In this section, we give some identities related to the generalized Guglielmo matrix sequences. Moreover, we

deal with some special identities such as the Catalan’s identity for the triangular, Lucas-triangular, oblong and
pentagonal matrix sequences. First, we investigate relation, between M H,, and MW, in the following theorem.
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Theorem 3.1. For any integer n, the following equalities are true:

(a) (Wo —2Wh + Wo)MH,, =3MW, 14 — 6MWyi3 + 3MW, 0.
) (Wo — 2W1 + Wo)MH,, = 3SMW,43 — 6 MW, 12 + 3MWp41.
(c) (Wo —2W1 + Wa)MH, = 3MW, 412 — 6MWy 1 + 3MW,.
(Wo = 2W1 + Wo)MH,, = 3MW 41 — 6MW,, + 3MW,,_;.
(e) (Wo —2W1 + Wo)MH,, = 3MW,, — 6MW,_1 + 3MW,,_».
Proof. For the prove identity (a), we use the mathematical induction on n. First we derive the proof for n > 0.

If we take n = 0, the identity (a) is true. We assume that the identity (a) holds for n < k and then ,for n = k+1
and using (2.2) and (1.6), we get

3Wo —6Wy +3Wy 3Wo — 6W1 +3Ws  3Wy — 6W1 + 3Ws

3MW(]C+1)+4 — GMW()C+1)+3 + 3MW(k+1)+2 = 3Wo —6W71 +3Ws 3Wy —6W1 +3Ws 3Wo — 6W1 + 3Ws
3Wo —6W1 +3Ws  3Wy — 6W1 +3Ws  3Wo — 6W71 + 3Ws

3 3 3

= (Wo —2W1 + Wz) 3 3 3

3 3 3

= (WO —2W1 + WQ)MHk;+1.

For the case n < 0, the proof can be done in the same way. Consequently, the other equalities can be proved
similarly. Thus the proof completed. [J

Next, the relations between generalized Guglielmo matrix sequences and oblong matrix sequences.

Theorem 3.2. Let n be an arbitrary integer, then the following equalities are true:

(a) 2MW,, = (10Wo —15Wh +6W2)M0n+4 + (37W1 —24Wo — 15W2)M0n+3 + (15Wo —24W1 + 10W2)M0n+2.

(b) 2MW,, = (6Wy — 8W1 + 3W2)MOn13 + (21W1 — 15Wy — 8W2)MOpy2 + (10Wo — 156W1 + 6W2) MOp1.

(C) 2MW,, = (3Wo —3W1 + WQ)MOn+2 + (9W1 — 8Wy — 3W2)M0n+1 + (6Wo — 8W1 + 3W2)M0n.

(d) 2MW,, = W00n+1 + (Wl — 3W0)M0n + (3W0 —3W7 + WQ)MOn_l.

(e) 2MW, = WiOn + (W2 — 3W1)MOpn_1 + WoMOn_s.

() (Wo — 2W1 + W2)®> MO, = —2(=3W{ — W3 + WoWi + 3WiWo) MW,a + 2(—8WE — 3W3 + 3WoW; —
WoWa 4+ W1 Wo) MW, i3 + 2(W§ + IWE + 3W3 — 6WoW1 + 3WoWa — 10W W) MW, 42.

(8) (Wo —2W1 + Wa)® MO, = —2(=W2E + WoWa) MW, 13 + 2(W§ — 3WoW1 + 3WoWe — Wi Wa) MW, 42 —
2(—3WE — W3 + WoWi + 3W1 Wa) MW, 41.

(h) (Wo — 2W1 + W2)® MO, = 2(W¢ 4 3WE — 3WoW1 — WiWo) MW io — 2(=W3 + WoWi — 3WoWa +
SWiWa) MWpp1 — 2(=WE + WoWa) MW,,.

(1) (Wo —2W1 + Wa)? MO,, = 2BWE +IWZ + W2 — 10WoW1 + 3WoWa — 6Wi W) MW, 11 — 2(3WE +8W2 —
IWoW1 4+ WoWa — 3WLWa) MW, + 2(WE + 3WE — 3WoW1 — WiWa) MW, ;.

(G) (Wo = 2Wi 4 Wa)? MO, = 2(6WE +19W7 +3W3 — 21 Wo Wy +8Wo Wa — 15W1 Wa) MW, —2(8W§ 4 24W7 +
3WE—2TWoW14+9WoWa—1TW1 W) MW, _1 +2(3WG+IWE 4+ W3 —10Wo W1 +3Wo Wa —6 W1 Wa) MW, _o.

For the prove identity (a), we use the mathematical induction on n. First we derive the proof for n > 0. If we

take n = 0 the identity (a) is true. We assume that the identity (a) holds for n < k and then ,for n = k41 and
using (2.2) and (1.6), we get

17
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(10Wo—15W1 +6W2)M0(k+1)+4+(37W1—24W0—15W2)M0(k+1)+3+(15W0—24W1+10W2)M0(k+1)+2 =
2Wh+1 —6W,, +2W,, 1 2W,

2W, —6Wpn_1 +2Wph_o 2W,_1 = 2MWy 4.
2Whn—1 —6Wp_o+2Wy_3 2Wph_2

For the case n < 0, the proof can be done in the same way. Consequently the other equalities can be proved
similarly. Thus the proof completed. [J

Next, the relations between generalized Guglielmo Matrix Sequences and pentagonal Matrix Sequences have
been given.

Theorem 3.3. For any integer n, the following equalities are true:

(a) 2TMW,, = (64Wo — 89W; + 34Wo)Mppia + (229W1 — 158Wy — 89Wo) Mppis + (103Wy — 158Wp +
64W2) Mppa.

(b) 2TMW,, = (34Wo—38W1 +13W2) Mppt3+(109W1 —89Wo — 38W2 ) Mppt2+ (64Wo —8IW1 +34Wa ) Mpp41.

(c) 2TMW,, = (13Wo — 5W1 + Wa) Mpri2 + (25W1 — 38Wo — 5Wa) Mpnt1 + (34Wo — 38W1 + 13Wa) Mpy,.

(d) 2TMW,, = (Wo + 10W1 — 2Wo)Mppi1 + (10Wa — 23W1 — 5Wo) Mpy + (13Wo — 5W1 + Wo) Mpr 1.

(e) 2TMW,, = (TW1 — 2Wy + 4W2)Mp, + (10Wo — 35W1 + TWa)Mpp—1 + (Wo + 10W1 — 2Wa) Mpp_2.

() (Wo —2Wi + Wa)® Mp,, = (2W§¢ + 21WE + TWZ — 13WoW1 + 6WoWa — 23Wi Wa) MW, 14 + (—6WF +
3TWoW1 — 19WoWa — 56 W + 63W1 Wa — 1OWH MW, p5 + (TWE +4TWE +15W3 — 36Wo Wi + 19WoWa —
52W1 Wa ) MW 42

(8) (Wo —2Wy1 + Wa)® Mp, = (TW3E 4+ 2W3 — 2Wo W1 — WoWa — 6W1Wa) MW,yis + (WE — 16W2 — 6W2 +
3WoWi + WoWs + 1TW1 Wo) MWy, y2 + (2WE 4 21WE + TW3 — 13Wo Wi + 6WoWa — 23W1 W) MW, 41

(h) (Wo — 2W1 + Wa)® Mp, = (W§ + 5WE — 3WoWi — 2WoWa — WiWo) MW,io + (2WE + Wi — TWoW: +
IWoWa — SWiWo)MWyy1 4+ (TWE + 2W3 — 2WoW1 — WoWa — 6W1 Wa) MW,,.

(i) (Wo —2W1 4+ Wa)® Mp,, = (5WE +15WE + W2 — 16Wo W1 + 3WoWa — 8W1 Wa) Wiy 1 + (—3WE +TWoW1 +
5WoWa — 8WE — 3W1Wa + 2W3) MW, + (WG + 5WE — 3WoW1 — 2WoWa — Wi W) MW,,_1.

(G) (Wo —2Wi 4+ Wa)® Mp,, = (12W§ + 3TWE + 5WF — 41Wo Wi + 14WoWa — 2TWi Wo) MW, + (—14W§ +
A5WoWy — 11WoWs — 40WF + 23W1 Wa — 3W3) MW, 1 + (BWG + 15WT + W5 — 16WoW1 + 3WoWa —
SWiWo) MW, _o.

For the prove identity (a), we use the mathematical induction on n. First, we derive the proof for n > 0. If we
take n = 0 the identity (a) is true. We assume that the identity (a) holds for n < k and then ,for n = k41 and
using (2.2) and (1.6), we get,

(64Wo — 89W5 + 34Wa) Mpr4s + (229W71 — 158 Wy — 89Wa) Mprya + (103Wo — 158W1 + 64Wo) Mpgts =
2TWi 42 27TWy, 2TWit1
2TWiq1  27TWi_q 27TWy, = 2TMWi1.

27TWy, 2TWi—2  2TWi—1

For the case n < 0, the proof can be done in the same way. Consequently, the other equalities can be prove
similarly. Thus the proof completed. [J

Theorem 3.4. For all integers m,n the following identity holds:

MWTrH»n = mflMWn+2 + (Tm73 - 3Tm72)MWn+l + Tm72MWn~
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Proof. First, we assume that m,n > 0. the theorem (3.4) can be proved by mathematical induction on m. If
m =0 we get

MW, =T MWiga + (Tos — 3T_2) MWyi1 + T2 MW,

which is true since 71 = 0,7_2 = 1,T_3 = 3. We assume that the identity given holds for m < k. For m = k+1,
we get

MWisy4n = 3MWigp —3MWypp1 + MWyipo

= 3(Th—1MWpyo + (Th—3 — 3Th—2) MWpiy1 + T2 MW,,)
=3(Th—2MWhnyo + (Th—a — 3T—3) MWy 11 + T 3MW,)
+(Th—3MWpgo + (Thes — 3Tk a) MWyp1 + T a MW,,)

= (B8Tk—1 —3Tk—2 + Th—3)MWnyo + ((3Tk—3 — 3T—a + Th—5)
—3(8Tk—2 — 3Tk—3 + Th—a) )MWpp1 + (3Tk—2 — 3T—3 + Th—a) MW,

= TpeMWnyo + (T2 — 3Th—1)MWyg1 + Tt MW,

= Tyt MWiio + (Trs1y—3 — 3Tkt 1)—2)MWii1 + Ty —2 MW,

Consequently, by mathematical induction on m, this proves Theorem 3.4. The case m,n < 0 can be proved
similarly. [J

For n > 0, m > 0 and taking MW, = MT, or MW,, = MH, or MW,, = MO,, or MW,, = Mp, ,
respectively, we get,

MTyn = Tm-iMTpio+ (Tm—3 — 3Tm—2)MThnt1 + Trn—oMTh,
MHpin = TmoiMHpio+ (Tm—3 — 3Tm—2)MHp 1 + Trn—2 MH,,
MOpin = Tm-1MOni2+ (T3 — 3Tim—2)MOnit1 + T2 MO,
Mpmin = TmoiMpnio + (Trm-3 — 3Tm—2)Mpni1 + T2 Mpn.

Next Lemma, we give some identities raleted to MA1, MAs, MAs, MB1, MBz, MBs, MC1, MC5, MCs,
MDl, MDQ, MDg, ./\/lEl7 MEQ and ME3.

Lemma 3.5. The following identities holds:

MBIMA, = MBMC = MBI MDDy = MBIME;
MB; = MByMBs; = MBsMB; =0

MBMCy = MC2MBy = MEMCy = MCoME; =0

MBsME3 = MEsMBs = MBsMD3 = MD3sMBs =0

Proof. Using matrix multiplication, the proof is done. [J
Note that M By = MTp is identity matrix.
Next Lemma, we give some relation linked to Guglielmo matrix sequences.

Lemma 3.6. For all integers m and n, we have the following identities.

(a) MToMW,, = MW, MTy = MW,.
(b) MWoMT,, = MT, MWy = MW,,.
(¢) MTOwMTy, = ML MT,, = MTpim.
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(d) MTu MW, = MW, MTm = MWy, i

(€) MT\uMH, = MH,MTm, = MHyp i

(f) MT,,MO,, = MO, MT,, = MOppin.

(g) MTuMpy, = Mp MT,, = Mppin.

(h) MWoMW,, = MW, MWy.

(i) MW MWy, = MW MW, = MWoMW, .
() MT-p = (MTn)""

(k) MW_, = (MWo)'""(MW_1)".

Proof.

(a) The proof can be easily seen since M7y is the identity matrix.
(b) The proof can be seen by using Theorem 2.1 and Corollary 2.2.

(c) Using Lemma 3.5 we have the following equalities,

MT MTy, = (MBy + MBan + MBzn?)(MB; + MBam + MBsm?)
= MB! + MBiMBym + MB1MBsm® + MB1MBan + MBaMBymn +
=  MByMBznm?® + MB;MBsn? + MB3MBamn® + MBsMBzm®n®
= (MB; + MBsy(n+m) + MBsz(n+m)?)
MTysm.
The identity MT,, MT,, = MT,,+m can be seen similarly. This completes the proof that we need.
(d) From (b) and (c), we have

ML MWy, = MTp MT, MW
MTn+mMW0
= MWm+n .

(e) Take MW, = MH, in (d).
(f) Take MW, = MO,, in (d).
(g) Take MW, = Mp, in (d).

we perform matrix multiplication and compare the entries of the resulting rows and columns, the require
h) If f tri Itiplicati d the entries of th Iting d col th ired
proof is complete.

(i) If we use (d) and (h) and (b), we have

MW MWyim = MWoMW MTp,
= MW, MWy MT,
MW, MW,

The identity MWoMW, 4 = MW, MW,, can be seen similarly. This completes the proof of (h).
(j) First, we establish the proof the case n > 0 by using mathematical induction on n. If n = 0 then we have

-1

1 00 1 00
MIh=|0 1 0 |=0 1 0 = (MTp)™"
0 0 1 0 0 1
and
0 1 0 0 1 0\ "
MT_ =] 0 1 ]=l0 0 1 = (MTy)" "
1 -3 3 1 -3 3
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Let the equality given in the (j) holds for n < k. For n = k 4 1, by using (c), we obtain

(MTp1)b = (MM = (M) (MTR) ™ = MT_ MT,
0 1 0 T i1 3T +T_ 1 T
= 0 0 1 T » BT 1 +T 2 T n-1
1 -3 3 T o1 —3T-po+T -3 T_pn_o
T 3T 1+ T g2 T_ k1
= T p1 —3T 2+ T 3 T p2

3T 1 — 3T+ T g1 10T — 12T 0+ 3T 3 —3T_ 3T_p_o—3T_k_1+T_4
T_(k+1)+1 —3T_(k1) + T-(ky1)—1 T_(k+1)

= Togerry  =3T-gerny—1 + T-riny—2 T-(er1)—1
T_ (k1)1 —3T-(e41)—2 + T—(k41)-3 T—_(kt1)—2
= MTf(k+1).

So we get the result that we need. For the other case n < 0, the proof can be done similarly. This complates
proof.

(k) If we take m = —n + 1 and n = —1 in the identity (i), we obtain that
MW MW_yy = MW_pt MW_y. (3.1)

If we multiply both side of the equation that we obtain above with MWy and using (i) we have the relation

MW MW MW_,, = MWoMW_, 11 MW_4
= MW_ st MW_iMW_;.

Repeating this process, we obtain

(MWo)" " MW_,, = (MW_1)"™.
Thus, it follows that

MW_p, = (MW) " (MW_1)"™.
This completes the proof. [J

Note that using Lemma 3.6 (k) and (d), we obtain

MW_,, = (MWo) " (MW_,)"
= (MW, MW_,)'"""(MW_)"
= (MW_) " ""(MW,)" " "(MW_)"

and then by Lemma (j), we get

MW_p, = (M) (MW " (MW _1)™.

Using Lemma 3.6 and comparing matrix entries, we obtain the next result.
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Theorem 3.7. For all integers m,n and r, the following identities hold:
(a) MT;T = MTmna
(¢) MTporMTrir = MT? = MT3".
Proof. We prove for m,n,r > 0. The other cases can be proved similarly.

(a) We can write )" as
MT = MT,MT,.. MT,, (m times).

Using Lemma 3.6 (c) iteratively, we obtain the required result:

MTT = MTMT,.. . MT,
—_——
m times

= ML, MT MT,.. MT,
—— —o
m—1 times

= M, MT, MT,.. MT,
—_

m—2 times

= MT(mfl)nMTn
= MTyn.

(b) As a similar approach in (a) we have
MTT = MTup1 MTng1.. . MTrp1 = MToy g1y = MTnMTopn = MTIMT i MTon.

Using Lemma 3.6 (c), we can write iteratively,

MTy, = MTIMTp-,

MTyp—1 = MDOMT,_2,
MT; = MDLMT:.

Now it follows that
MTﬂl == MTlMTnL—lMTmn
= MTMT.. MTIMT,, = MTT MT .
~—
m times

(c) Lemma 3.6 (c) gives
MTnerTnﬁ»r = MTZn = MTnMTn = MTS

and also

MTy— e MTy i = MToy, = MToMTo.. . MTy = MTy'.
—_—

n times

Next Theorem, we encounter similar outcomes for the matrix sequence MW,,.
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Theorem 3.8. For all integers m,n and r, the following identities hold:

(a) MWp_p MW,pr = MW2,
(®) MW = MW MTyn.

Proof.

(a) Using Binet’s formula of generalized Guglielmo sequence given in Theorem 2.4 and matrix multiplication,
we obtain

MWy o MWy — MW, (MA; + MAs(n+7) + MAs(n +7)>)(MA;, + MAy(n —r)
+MAz(n —7)%) — (MA; + MAzn + MA3n*)?
= —2n%rPMAZ — 20 MAs MAs + r* MAZ — P MAZ + 2MA1m* M As

0.

At least, we get the result as required.

(b) By Theorem 3.7, we have

MW MT i, = MWoMWo.. MWoMT MTy, ... MT,.

m times m times

By applying Lemma 3.6 (b) iteratively, it follows that

MW ML = (MWoMT,)(MWoMT)... ( MWoMT,)
MW MW,... MW, = MW

This completes the proof. [J

4 Conclusion

In this study we define generalized Guglielmo matrix sequence and give four special cases that we named
triangular matrix sequence, Lucas-triangular matrix sequence, oblong matrix sequence and pentagonals matrix
sequence. We also define the Binet’s formula of the generalized Guglielmo matrix sequence and its special cases.
We give generating function and sum formulas related to generalized Guglielmo matrix sequence. Furthermore,
we give some lemma and theorem using matrix properties and some formulas. We know that the matrix
sequences are fundamental issue in linear algebra and have applications in various fields including numerical
analysis, differential equations, control theory, and computer graphics. Thus, we believe that our study will
contribute to ongoing research in this field.
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