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1. Introduction

n this paper we consider Goppa codes which form a subclass of alternant codes. This family of codes was
@ named after V.D. Goppa who described it in the early 1970’s. These codes have an interesting algebraic
structure and contain good parameters. Goppa codes are believed to have high practical value. Some of the
examples which are mostly named as direct application of Goppa codes are the McEliece and Niederreiter
cyptosystems.

The McEliece cryptosystem is believed to be a cryptosystem which may have potential to withstand attack
by quantum computers [1,2]. However, what could be worrisome about this cryptosystem is that it chooses a
Goppa code at random as its key yet the exact number of these codes for given parameters is not known. Can’t
a brutal-force search, via equivalence of codes, be mounted by an adversary so as to find the key? This simply
tells us how important the knowledge of the number of inequivalent Goppa codes for fixed parameters could
facilitate in the evaluation of the security of such a cryptosystem. We find the best upper bound, available
today, on the number of inequivalent irreducible Goppa codes in [3]. Our concern is to find an upper bound
on the number of inequivalent extended irreducible Goppa codes. Some recent attempts to count inequivalent
extended irreducible Goppa codes can be found in [4-7]. In particular, this paper seeks to find a tight upper
bound on the number of inequivalent extended irreducible binary Goppa codes of degree (2¢)™ and length
2" + 1 where n and ¢ are odd prime numbers such that ¢ # n, ({,2" 1) = 1 and m > 1 is a positive integer.
The tools which were used to count the non-extended versions (see [3]) are recalled in this paper.

2. Preliminaries

We encourage the reader, whether familiar with the content presented or not, to go through this section
for the sake of acquaintance with the notation used. We begin by giving the definition of irreducible Goppa
codes.

Definition 1. Let g be a power of a prime number and g(z) € [Fguz] be irreducible of degree r. Let L =
Fgn = {¢; : 0 < i < q" —1}. Then an irreducible Goppa code I'(L,g) is defined as the set of all vectors
c=(co,C1, an_1) with components in [F; which satisfy the condition

q"-1

y -

=z

=0 (mod g(z)).
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The set L is called the defining set and its cardinality defines the length of I'(L, ). The polynomial g(z) is
called the Goppa polynomial. If the degree of g(z) is r then the code is called an irreducible Goppa code of
degree r.

The roots of g(z) are contained in Fynr \ Fgn. If & is any root of g(z) then it completely describes I'(L, g).
Chen in [8] described a parity check matrix H(«) for I'(L, g) which is given by

1 1 1
H([X):(lx—éo a—01 l’é—gqn—l)’

We will sometimes denote this code by C(«).
We next give the definition of extended irreducible Goppa codes.

Definition 2. Let I'(L, g) be an irreducible Goppa code of length 4". Then the extended code I'(L, g) is defined
by

n

q

I(L,g) = {(co,c1,rcqn) : (0,1, 1) €T(L,g) and Y ¢; =0}.
i=0

Next we define the set which contains all the roots of all possible g(z) of degree r.
Definition 3. We define the set S = S(#,r) as the set of all elements in Fynr of degree r over Fyn.

Any irreducible Goppa code can be defined by an element in S. The converse is also true, that is, any
element in S defines an irreducible Goppa code. Since an irreducible Goppa code I'(L,g) is determined
uniquely by the Goppa polynomial ¢(z), or by a root « of ¢(z), we define the mapping below. (For further
details, see [8].)

Definition 4. The relation 717 #; defined on S by

ﬂg,g,i X goﬂi + (:
for fixed i, {,{ where 1 < i < nr,{ #0,¢ € Fgn is a mapping on S.

This map sends irreducible Goppa codes into equivalent codes and we generalise this as follows:

Theorem 5. (Ryan, [3]): If a and B are related by an equation of the form o = ( ,qu + ¢ for some § # 0,¢ € Fgn, then
the codes C(«) and C(B) are equivalent.

The map in Definition 4 can be broken up into the composition of two maps as follows:

1. 77z defined on Sby 77z : & > fa + ¢ and
2. themap ¢’ : « — a7, where o denotes the Frobenius automorphism of Fynr leaving Ty fixed.

From these two maps we define the following sets of mappings.
Definition 6. Let H denote the set of all maps {717 ¢ : { # 0, € Fyn }.
Definition 7. Let G denote the set of all maps {c' : 1 < i < nr}.

The sets of maps H and G together with the operation composition of maps both form groups which act on
S.

Definition 8. The action of H on S induces orbits denoted by A(a) where A(a) = {la +¢:{ #0,¢ € Fyn}.
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Remark 1. We refer to A(a) as an affine set containing & where a is an element of degree r over F;» and
0,¢ € Fgn. Since { # 0,8 € Fyn then to form the set A(a) the number of choices for { is 4" — 1 and ¢ has ¢"
choices and so |A(«a)| = g"(q" —1).

Definition 9. Let A denote set of all affine sets, i.e., A = {A(«a) : &« € S}.

Next, we define a mapping on S which sends extended irreducible Goppa codes into equivalent extended
irreducible Goppa codes.

Definition 10. The relation 717, 7, = = ; defined on S by

qi
, G i + 1
LoaT + 8o
fixed 7,{;, ¢ where 0 < i < nr, {;,ij € Fgn, j=1,2and {152 # (281 is a mapping on S.

néllgzré‘l o ‘&

Since the scalars {; and ; are defined up to scalar multiplication, we may assume that {, = 1 or ¢ = 1if
{r»=0.
We have the following generalisation:

Theorem 11. (Berger, [9]): If 77, 7, & .&,,i(&) = B then C(x) is equivalent to C(B).

We also break up the map in Definition 10 into the composition of two maps as follows:

. . +
1. the map 71z, 7, ¢, &, defined on Sby 71z, ¢, ¢, ¢, & = %Z Jé;, and

2. the map ¢ : a + af, where o denotes the Frobenius automorphism of Fynr leaving Fy fixed.

From these two maps we give the following two definitions.
Definition 12. Let F denote the set of all maps {717, 7, &, : i, Gj € Fgn, j = 1,2 and {182 # 0281}

F forms a group under the operation of composition of maps and it acts on S.

Deﬁ?lition 13. Let « € S. Then the orbit in S containing « under the action of F is O(x) = {%zig 1 G, G €
Fgn,j=1,2and {182 — 0261 # 0}

The cardinality of O(«) is found in [6] and we state it as follow:
Theorem 14. Foranya € S, |O(a)| = ¢*" — q" = ¢"(¢" — 1)(q" + 1).

Definition 15. Let O denote the set of all orbits in S under the action of F, i.e., O = {O(«) : « € S}. Observe
that OF is a partition of the set S.

G acts on the set Or (see [7]). The sets O(a) in O can be partitioned into 4" 4 1 sets. The theorem below
provides more details.

Theorem 16. O(x) = A(a) UA(L) UAGL) UA(SS) UA(GHS) U -+ U A(

1 _
i v s where ]Fqn =
{0,1,&1,&2, ..., an,Z},

1
0¢+§qn 2 )

Observe that the sets O and A are different. O is a partition on S and also A is a partition on S. The
number of elements in A is 4" 4+ 1 times the number of elements in O, i.e., |A| = (g" + 1) x |Of|. It is worth
mentioning that G also acts on A = {A(«) : « € S} (see [6]).
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3. Main results

3.1. Technique of counting extended irreducible binary Goppa codes

We are going to produce an upper bound on the number of inequivalent extended irreducible binary
Goppa codes of degree (2¢)™ and length 2" +1 where m > 1, £ # n and (¢,2" £1) = 1. We consider the
tools, in [3], employed to count the non-extended irreducible binary Goppa codes and those used to count
the extended irreducible binary Goppa codes of degrees 4, 2" and 2p (with m > 1 and p odd prime) in [4-6],
respectively.

In counting the non-extended irreducible Goppa codes the action of H on S is considered. This induces
orbits in S which are denoted by A(«) as seen in previous section. We then consider the action of G on the set
A (recall that A = {A(«) : @ € S}) and the number of orbits induced gives us an upper bound on the number
of inequivalent irreducible Goppa codes.

To count extended irreducible Goppa codes the action of F on S is considered. This action induces orbits
in S denoted by O(a). The action of G on O = {O(«) : @ € S} is then considered and the number of orbits
induced gives us an upper bound on the number of inequivalent extended irreducible Goppa codes. It is worth
pointing out that the action of G on Or largely depends on the results found when acting G on A.

To find the number of orbits in A and O we use the Cauchy Frobenius Theorem whose proof can be
found in [10]. Since the Cauchy Frobenius Theorem is central in this paper we state it as follows:

Theorem 17 (Cauchy Frobenius Theorem). Let E be a finite group acting on a set X. For any e € E, let X, denote
the set of elements of X fixed by e. Then the number of orbits in X under the action of E is %‘ Yoer | Xel

3.2. The cardinality of S

We begin by counting elements in S. Since we are considering the binary case then from now onwards
q = 2. We consider the degree r = (2¢)™ where m > 1 and ¢ { (2" £1). To count elements in S, the set of all
elements of degree (2¢)™ in IF,5ym,, we use the principle of inclusion-exclusion as explained in [11]. That is we
simply exclude elements in the subfields an"’—l my, and F2<2n, -1y, Since Fz(Z”’_l myn N Fz(Z”’ -1y, = F2<2n,_1 =1y,
then we have [S| = 2(20"n — 22" 1"n _p2"""In 4 5(20)"n,

For the sake of our main result, it is pertinent to factorize |S| to some form which will make sense later.
Lety = 2" and A = (2/)"~1. We have

S| = P2 — A A A (2N Ay (2h

— (P = M) (YDA L REIN A (DA gy @

Observe that £ — 1 is even since ¢ is an old prime and A = 1if m = 1. In this case, by Equation 1, we have

SI= (7 = NP 42 gD 1)

R et 5 qyie @)
:7(7_1)(7+1) < Z ,)/Z(f—l)—l+ 2(_1)1-&-171)
i=1 i=0

For m > 1, we have A > 1 even. By Equation 1, we have
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N a1 (P2 o T i)
y(r=Dr+1y Y > 1. ®)

3.3. The number of fixed affine sets in A

Observe that the group G in Definition 7 is a cyclic group of order (2¢)"n, where n > 2 is prime, and it’s
subgroups are all of the form (c"*), where } is a factor of (2¢)"n. In this section, we determine the G-orbits of
this action.

We first need to know the number of affine sets A(a) which are in A. By Section 3.2, |[S| = 220" —
22" _ ("™ n 4 (20" M Gince |A(a)| = 2"(2" — 1) then |A| = [S|/(2"(2" —1)).

The expected length of orbits in A under the action of G are all factors of (2¢)"n. For our convenience in
factorizing (2¢)"n, we write it as 2" ¢*n where m = k. The trivial subgroup (02", containing the identity,
fixes every affine set in A. In the following subsections, we separately consider the remaining subgroups of
G,ie, <(72m71£k”>, <Uzmzk>, (02m71£k>, (Uzsﬂd”> and <(725€d>, with0 < s < mand 0 < d < k, while avoiding the
combinations (i) s = m and d = k, (ii) s = m — 1 and d = k (these combinations have been considered already
in other subgroups).

The approach we apply in the subsequent subsections in this section generalises the one used in [4] when
considering the action of G on A.

33.1. (02" 1) a subgroup of G of order 2

Suppose the orbit in A under the action of G containing A(«) contains 2" ~1/k1 affine sets, i.e,
{A(0),0(A(w)), 02 (A(w)), .., *" 7Y (Aw))}.

m— m— M— m—1 gk,
Then A(«) is fixed by (02" ¢1). Thatis, 0"~ “"(A(a)) = A(x). So we have 02" 1 (a) = a2’ o a+¢
for some ¢ # 0,¢ € Fon. So applying "' for the second time we geta = o2 N () = 2" (Ta 4 §) =
m—1 ‘kn m—1 .kn — m—1 .kn
gz a2 T g e = g2 L E = r(Ca+8) + & = P+ ([ +1)E We conclude that 2 = 1
otherwise (1 — {?)a € Fpn, contradicting the fact that « € S. Since 2 (2" — 1) then {? = 1 implies { = 1

m—1 gk,
Hence, we have 2 " = a+ & for some ¢ # 0 € Foi. Multiplying both sides by ¢! we get

m—1gk,
(¢ ’1zx)22 o = (¢~ a) + 1. We may assume that a satisfies the equation

—1/k
22" t%n
X

—x—1=0. @)

If « satisfies (4) then certainly all the 2" elements in the set {a + & : { € Fan} also satisfy (4) while the

m—1 gk,
remaining elements in A(«) do not satisfy (4). This follows from the fact that the equation ({a + & )22 e

m—1gk,
ézxzz oy E=C(a+1)+¢=Cla+C+¢ = (Ca+¢)+1holds if and only if { = 1. Hence if « satisfies (4)
then A(a) contains precisely 2" roots of (4).

We now find the number of elements of S which satisfy (4). We know that

52" 1ky—1

—x-1= J] (P-x-5), ©)

i=1

m—1 gk
22 n
X
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where f; denotes all the elements of I, -1+, which have trace 1 over I [12]. We know that there are precisely

22" -1 gych Bi’s. Note that the trace function we are dealing with is from the field F 14, to F2. Note
that if an element is in a subfield F,n24), of ¥ ,n-14),, in calculating its trace we regard it as an element
of ¥, om-14k),- Observe that if € IE‘ @26k then Tracep .~ " 7, (B) = 2 Tracep . iF,(B). Since the

2(2 2(2
m—1 gk, . L.
characteristic is 2, then we conclude that none of the B; in the decomposition of 2 _x—1in (5) lie in
m— m—1 gk
F @n-24),- However, 22 M1 of the BilieinF ) pn1p1), ,22" T o the Biliein¥ ;1 and the remaining
02" Min=1 _ g2 1 In—1 _ 92" A1 jg iy I (an-14k),- Furthermore, all the quadratic factors on the right hand

side of (5) are irreducible over F_ 1), Thls is as a result of linearity of the trace function and the fact that

Trace(B;) = 1 for each B;. The 22m -1 quadratic equations corresponding to the ; in F 1 have F . as

zszlekfln 1

their splitting field, quadratic equations corresponding to the f; in F @101y , have F H@mik-1), S

“pkp—1 _ 92" Lpk=1y 1 _ 92" 1ok

their splitting field and the remaining 22" quadratlc equations have Fz(zm thyn

as their splitting field. Hence we have 22" €1 — 22" 1”1 1o0t5 lie in S.

Conversely if « € S satisfies (4) then A(a) is fixed under (o2 HEk”). We may conclude that there are
m—1 gk, m—1pk—1, m— m—1 pk— m—
precisely Z— _2%2 Tt @M= _ oM =1)n affine sets A(w) fixed under (o2" ).

3.3.2. (025”1”) a subgroup of G of order 2"~ (k=4

Suppose the orbit in A under the action of G containing A(a) contains 2°¢n affine sets where 0 < s < m
and 0 < d < k while avoiding the combinations: (i) s = mandd = k, (ii)s = m—1and d = k. Asin
Subsection 3.3.1, then Uzsfd"(oc) =« = (a+ ¢ for some { # 0, € Fon. Applying o2t for pm—sm—d
times to & we obtain & = (szgkn(tx) = gszsgkfdzx + (szfsekfd_l + szfsekfd” + -+ %>+ T +1)& We conclude
that 2" ™" = 1 otherwise (1 — 72" *)a € Fy», contradicting the fact that « € S. The possibilities are that
§2h = 1 where / is a factor of 2" 3¢k~ Since 2 { (2" — 1) and £ { (2" — 1) (by assumption) then, for all 1 # 1,
h 1 (2" —1). Hence the only possibility left is that { = 1.

n s ,d’l
So oc2“ = o+ ¢ for some & # 0 € Fon. If we multiply both sides by ¢! we obtain (C’la)zz o=
spdy,
(¢7'a) + 1. We assume that « satisfies the equation 2 ox—1=0. Using similar argument to the one

. . s ¢y .. ..
in Subsection 3.3.1, all roots of 2y -1 =0liein ]F225+1 iy F2(25+1/d 1y and IF (25414 (none is in S). We

225£dn

conclude that there is no affine set A(«) fixed under <(725€d”).

333. (c2"") a subgroup of G of order n

Suppose the orbit in A under the action of G containing A(«) contains 2™ affine sets. Then A(«) is fixed
under (Uzmek) It is proved in [3] that if r is the degree of irreducible Goppa codes then the number of affine
sets fixed by (0") is [S(1,7)|/(q(q — 1)). Also note that if an affine set A(«) is fixed under (¢”) then it contains
some fixed points, that is, some elements in A(«) satisfy the equation x?" = x. In our case, we have g = 2

and r = 2"(k. Hence the number of affine sets fixed by <02m4k> is |S(1,2™)[/(2(2—-1)) = (szzk 2
22mzk—1 + zzm—lgk—l)/z _ 22mzk71 . 22m71€k71 _ 22mek—171 + 22m—1gk7171'

3.34. <(72"171ék> a subgroup of G of order 2n

Suppose the orbit in A under the action of G containing A(«) contains 2"~ (¥ affine sets. Then A(«) is
fixed by <(72m_1£k>. So we have ¢2" ' (a) = o2 fa+ ¢ forsome { # 0,¢ € Fon. Butif A(w) is fixed under
<(72"'712k> then it is also fixed under <(72m€k> since <(72m[k> C <<72m71£k>. So A(a) contains a fixed point. That is
A(w) contains some elements which satisfy xzzwk = x and these elements are in F g \ (F 10 UF pmgi1).
Assume & € Fpp \ (F - 1 UF g1 ) then applying 02" tice to & we obtain & = a2 = €22m—15k (Ca+
¢)+ C22m = CZZW “i1y + szmilzké + szm " We conclude that gz T otherwise gzzmilék“ #1
would mean (1 — Czﬂlil[kﬂ)lx € Fyn contradicting the fact that a is of degree 2" ¢k,

We now show that 22" 4+ 1 is relatively prime to 2" — 1. Let e = 2"~ 1/k. Tt suffices to show that
(2°+1,2" —1) = 1. We show this by contradiction. Assume that (2°+1,2" — 1) # 1. That is there must

=1k
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be some odd prime p which divides both 2° + 1 and 2" — 1. This implies that 2" = 1 (mod p) and 2° = —1
(mod p). So2° = —1 (mod p) implies 2% = (—1)> = 1 = 2" (mod p). Thus n = 2¢ (mod (p — 1)).
Since p — 1 is even then 7 is also even. This establishes a contradiction since n is an odd prime. Hence
(2°41,2" —1) =1 for odd n.

Since (22%% +1,2" — 1) = 1 then we conclude that §zzm71/k+l = 1 implies { = 1. So the equation

YT K21k K21k . . K21k . . . .

n=7_ x4+ ¢+ impliesa =a+¢+¢ . Clearly, ¢ is in the intersection of the fields
of order 22" "% and 2. Since (2"=1¢%, n) = 1 then either & is 0 or 1. But & = 0 is impossible since this would
mean thata € F 1. So & must be 1.

m—1 gk
Soa? " =a+41. Clearly « satisfies the equation

om—1 gk

x? —x—1=0. (6)

Observe that « + 1 also satisfies (6) and one can easily check that these are the only elements in A(a) which
om—1gk—1

satisfy (6). Using an argument similar to the one in Subsection 3.3.1, 2 roots of (6) lie in F 1 (not in

2n171€k>

—1pk—1 .. . . . . .
2" roots lie in F me (in S). Since in each fixed affine set under (o

S) while the remaining 22" — 2

. . mfl[ki m—1gk—1
there are two elements, &« and &« + 1, which satisfy (6) then we conclude that there are % =

—1k —1pk-1 . . —1gk
22" 192" affine sets fixed under (02" ).

3.3.5. <(725£d> a subgroup of G of order 2" 5¢k—dp

Suppose the orbit in A under the action of G containing A(«) contains 2°/? affine sets where 0 < s < m
and 0 < d < k while avoiding the combinations: (i) s = mand d = k, (i) s = m —1and d = k. Then
s s pd s
02 (a) = W2 = la+ & for some { # 0,& € Fon. As in Subsection 3.3.4, if A(a) is fixed under (¢ €d> then it is
also fixed under (02"%) since (02"} C (0"}, Assume o € Fopnge \ (F -1 UF 1) then applying o2t
to a for 2"~ times we obtain

o
® = 062

_ ézﬁ-?é'j +2(W—1)-25€d+m+23-256d+22-252d+2256d+1a

o2l | o(-1)25 | | 032504 | p205ed | posid

+¢

zﬁ»Zsid+2(ﬁ—1)<2514d+__,+23«25/d+22«25/d gzzstd

g2 | p-1)2% | | 325 622«2%

@)

g2 | o (7-1)25¢K gz(wfz)»zsfd

g 256l o (ii-1)250

¢

2ﬁ»25 “

+¢

where 77 = 2"~¢k=4 — 1. Observe that §2msed+2(ﬁ71)lwd*"'HSQSMHZQSM #2741 st be equal to 1 otherwise
(1— (2T AT E g 23 02 +225+1)1x € Fyn, contradicting the fact that « is of degree 2" /%,

We now show that 272" 4 21261 4.y 982%0 4 9220 | 924" | q and 2" — 1 are coprime. First
observe that 27-2°% + o (—1)-25¢4 4t 93:2°(4 + 92:2°¢4 + 92°(4 +1 = (Zzszd(ml) _ 1)/(225@1 ~1) = (zzmek _
1)/(225€d —1). But we have (2"¢%,n) = 1, so (22mék —1,2" — 1) = 1 from which we conclude that on et
)2 g 032U | 92200y 24T | 1 and 27 — 1 are coprime.

Hence gﬂ'zsld+2(ﬁ*1)'25£d+-~+23'25‘d+22'25[d+2255d+1 = 1 implies { = 1. Since { = 1 then (7) becomes a =
a+¢+ CfZZSZd + CZZIZSM +- CZW_MSM + CZW_UZSM + szséd. It is clear that ¢ is in the intersection of the fields
of order 22" and 2". Since (2°¢%,1) = 1 then ¢ is either 0 or 1. But & = 0 is impossible since this would mean
that & € IF,ps. So & must be 1.
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s od s d
20— a1 Clearly « satisfies the equation x¥" —x—1 = 0. Observe that a + 1 also

225 &k

So we have «

satisfies the equation x —x —1 = 0 and one can easily check that these are the only elements in A(«)

s ok s
which satisfy 2 —x—1=0 Using similar argument to the one in Subsection 3.3.1, all the 22 * roots of

2250

x —x—T1lieinF,osi1a-1) and ) p541,0) (not in S). Hence we conclude that there is no affine set fixed under

(0.

3.4. Applying the Cauchy Frobenius Theorem

We use Table 3.4.1 to present the information in Section 3.3. This table shows the number of affine sets
which are fixed under the action of 4 subgroups of G and the other subgroups which do not fix any affine set
are left out. The subgroups are listed in ascending order of the number of elements in the subgroup. So the
first row is the subgroup (Uzmék”) which is merely the trivial subgroup containing the identity. Column 3 lists
the number of elements in subgroup which are not already counted in subgroups in the rows above it in the
table. This is to avoid repetition when we multiply column 3 by column 4 in order to get the total number of
fixed affine sets by the elements in G.

Table 1. Number of fixed affine sets under the action of G

Subgroup Orderof No. of elements No. of fixed Product
of G Subgroup not in previous affine sets of columns
subgroup 3and 4
S gkyy [S(n,2"F)]| S(n,2" )]
<U 1 k> 1 1 1k zn(anl) 1pk—1 1k 2"(2}1*1) 1pk—1
<0.2m* 14 n> 2 1 22" =1 _ (2" = 1)n 22" =1 _ (2" 1)
m pk
(0? f ) n n—1 ] |kS(1,2me’<)l| O (n— 1])|kS(1,2m£k)]| .
<0.2m* y4 > o n—1 22"’7 -1 _ 22'”7 -1 (71 _ 1)(22’”7 -1 _ 22"17 5= ,1)

Remark 2. The number of orbits in A under the action of G gives us an upper bound on the number of
irreducible Goppa codes. By the Cauchy Frobenius Theorem, the number of orbits in A under the action of G
is
2(2”’_1£k—1)n_2(2m_1€k_1—1);1+(n_1)‘S(llzmgk)H_(n_l)(22”1_12"—1_22”’_1£k_1—1)+(5
n(2m k)
where § = |S(n,2"¢5)|/ (2" (2" — 1)).

3.5. The number of fixed O(«) in Of

We are going to consider the action of G on OF so that we find the number of O(«) which are fixed in Of.
This is done by acting all subgroups of G on Or.

We begin by finding the number of elements in Of. In Section 3.2, we saw that [S| = 2(2")n _p(2" 1 _

2" 4 2", Since [O(a)| = 2"(2" = 1)(2" + 1) then |OF| = gz iy

Since G acts on Of and its cardinality is 2" ¢*n then the expected lengths for the orbits in O under the
2"’an>

action of G are all the factors of 2" ¢*n. Every O(«) in O is fixed by a trivial subgroup (¢ containing the

identity. As in Section 3.3, we consider the remaining subgroups of G, i.e., <(72m71€k”), <(72m€k>,<(72m71€k>, <c725€d>
and (azsfd"> where 0 < s < mand 0 < d < k while avoiding the combinations: (i) s = m and d = k, (ii)
s=m-—1landd =k.

3.5.1. <(72"'71£k”> a subgroup of G of order 2
Suppose O(«) € O is fixed under ((72"1_1”"). Then (02" 1) acts on O(x) = A(x) U A()UA(z) U

A(lng1 )uU A(lngz) U A(:ngz) U---U A(“Jrclﬁ) We can consider O(w) as a set of 2" + 1 affine sets. <02m715k")

partitions this set of 2" + 1 affine sets. The only possibility are orbits of length 1 or 2. Since O(«) contains an
odd number of affine sets then the possibility that all orbits are of length 2 is excluded. So there has to be at least
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one orbit of length 1, i.e., O(a) must contain an affine set which is fixed under ((sz_lék”>. By Subsection 3.3.1,

2 lk—1)n _ p(m e 1)n

there are 2! such affine sets. We claim that any fixed O(«) in Of contains precisely

one affine set which is fixed under <U2m_1ék”>. It suffices to show that O(a) cannot contain two affine sets

2"k ) Without loss of generality, suppose A( ) is fixed under (02”1}, Recall

U A( U A( UA(-L cUA(— ) We show that none

which are fixed under (¢
that O(a) = A(x) UA(L) U AL o) o5) aon) Y

of the affine sets after A(«) in the above decomposition of O(«) is fixed under
m—1 gk,

showing that no element in any of these affine sets satisfies the equation 2T _x—1=0 (see Equation

4 in Subsection 3.3.1). By Subsection 3.3.1, the 2" elements in the set {a + § : { € o} satisfy the equation

zszlékn . 22”’*]ékn . .. .
X —x —1 = 0 from which we see that « = « + 1. It is sufficient to show that no element in

22m’1€kn

BC+1 ) IX+€2

(" 1[ ™). This is done by

—x—1 = 0. A typical element in A( 1) has the form % + ¢ and substituting this in
—1ky

om—1 gk, ot
2 —x—lwege’t(%—i—é‘)2 Toa
Fyn. We conclude that A(1) is not fixed under (%" et ") and in fact A(«) is the only affine set in O(«) fixed

under <¢72m_1€k”>. It follows that the number of O(«)’s in O which are fixed under <U2m_1gk”> is
(@ E—1)n _ 52" —1)n

A(L) satisfies x
- (g +&)—-1=*% 2atd # 0, since a is an element of degree 2" ¢ over

3.5.2. <(7255d”> a subgroup of G of order 2" 5¢k—¢

Suppose O(«) € O is fixed under <(725£d”> where 0 < s < mand 0 < d < k while avoiding the
combinations: (i) s =mand d =k, (ii) s = m — 1 and d = k. Then (Uzséd”) acts on O(a). We can consider O(a)
as a set of 2" + 1 affine sets. <(Tzséd”> partitions this set of 2" + 1 affine sets. The possible orbit lengths are all
factors of 2"k~ By Subsection 3.3.2, there is no affine set fixed under (azséd ). So we preclude the possibility
of length 1. Since O(«) contains an odd number of affine sets then all orbits cannot have even length. And, by
assumption, ¢ { (2" — 1) so we preclude the possibility that all orbits have length of multiples of £. The only
possibility we remain to check is that the orbit lengths are both 2 and multiples of ¢. Since if s = m then the
order of ((Tzséd”> is 7 and also d = k implies <¢72S5d”> has 2°, we only check when s < m and d < k. We observe
that <(725+i£d”> C (Ozsgd"% so a length of 2/ under <Uzs£d”> would mean that 2/ affine sets a;:e fixed in each fixed
' 25+ )

O(a) under <¢72$+1€d”> which is a contradiction as there is no affine set fixed under (- where s < m and

d < k (see Subsection 3.3.2). Hence we conclude that no O(«) in O is fixed under <025‘ﬂ*d”>.

3.5.3. ((szgk> a subgroup of G of order n

Suppose O(a) € O is fixed under (Uzmgk>. Then <(72m[k> acts on O(«) which is seen as a set of 2" + 1 affine
sets. (02"%") partitions this set of 2" + 1 affine sets. The only possible orbit lengths are 1 and n. Since 2" + 1 =
2+1 =3 (mod n) (by Fermat Little Theorem) then n does not divide 2" + 1. So there must be at least three
affine sets in O(«) fixed under (c?" &« ). We claim that there are precisely three affine sets in O(« ) which are fixed
under (02"%"). Recall that O(a) = A(a) U A(L) U A(Z5) U A(a+€1 JUA(ts) UAGs) U UA(—).
Without loss of generality, suppose A(a) in O(a) is fixed under (o ™. So, by Subsection 3.3.3, A(«) contains

m gk
27" = x Ttis clear that a and & + 1 in A(w) are

a+1 )

a fixed point, i.e., some elements of A(«) satisfy the equation x
. . m gk . ! o
the only elements that satisfy the equation 2" = x. Since (%) = land (ﬁ)22 "= alﬁ it is clear that

A(Lyand A( ;) also contain fixed points, i.e., A(1) and A(%) are also fixed. We now show that no affine
set after A(m) in the decomposition of O(«) is fixed under (¢ > First observe that, for v € Fo: \ {0,1},

m pk m gk
we have 127 ' #+ v since (2"¢%,n) = 1. So (L= ‘

2! 2Mm p
)2 = ,H_V;Z’”@" = szlrn implies that o2 (A(alﬂ)) = A(ﬁ)

a+v
as required. Therefore A(x), A(1) and A(- +1) are the only affine sets fixed under <(72m£k>. By Subsection

3.3.3, there are 22"("~1 — 22" 1F=1 _ 92011 4 92" M7 11 ggfine sets which are fixed under (02"). Hence the

number of O(«) in O which are fixed under ((fzmlk) is
(22"’[1(71 _ 227n—1gk71 . 22mzk—171 + 22”’_151(_171)/3_
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3.54. (02" e ) a subgroup of G of order 2n

Suppose O(«) € O is fixed under (02" '), Then (02" '*") acts on O(a) which is seen as a set of 2" + 1
affine sets. (02" ') partitions this set of 2" + 1 affine sets. O(x) = A(a) UA(L)UA(;)U A(a+§1) U
Al [:2) UA( Jr63) VA ézn ). The possible lengths of orbits are all factors of 2n. But the possibility
that all orbits are of even length is precluded since the O(a) contains odd number of affine sets. It is also
not possible to have length n for all orbits since 1 { (2" + 1) (see Subsection 3.5.3). So there must be at least
one affine set fixed under <(72m_1€k>. We claim that any O(a) fixed under (Uzm_lgk) contains precisely one

affine set fixed under (02"17%). By Subsection 3.3.4, an affine set fixed under (02"[71[’{) contains some elements

m—1yk
which satisfy the equation 2" £ x+1 = 0. Without loss of generality, suppose A(«) is fixed under

szlgk . . 22"”16’( 22’"’141‘ 1
(o ). Itis clear that « and « + 1 satisfy x —x —1 = 0. We also observe that (1) = ;47 and
22”171/’(

(’Xlﬁ) = L which imply that (szflgk(A(%)) = A(-27) and 0¥ 1Ek(A(L)) = A(L). We can conclude

a+1 a+1 «
that A(1) and A( ) form an orbit of length 2. Since (0% ' ) C <(72m7 ) then any O(w) or affine set fixed
om—1

a+1

under (02"~} is also fixed under (¢2"""). By Subsection 3.3.3, no affine set after A(;17) in the decomposition

of O(w) is fixed under <02m£k>. So we conclude that (¢ ek ) does not fix any affine set after A(; Jrl) in the

decomposition of O(a) as otherwise it would mean that it is also fixed under (¢ et ). So it follows that we only

have A(a) fixed in any fixed O(«a) under (02", By Subsection 3.3.4, there are 22" =1 2" M affine
m—1 pk

CoRE

sets fixed under (azmqfk). So we conclude that the number of O(«) in O which are fixed under is

22"'7151(—1 . 22m—1€k71 -1 )

3.5.5. <(725€d> a subgroup of G of order 2" —5(k—dp

Suppose O(x) € O is fixed under (UZSW} where 0 < s < mand 0 < d < k while avoiding the
combinations: (i) s = mandd =k, (i) s = m—1and d = k. Then <0_25Ed> acts on O(a) which is seen as
a set of 2" + 1 affine sets. <02W’> partitions this set of 2" + 1 affine sets. The possible lengths of orbits are
all factors of 2"~¢k=4y. By Subsection 3.3.5, no affine set is fixed under <Uzszd>, so no orbits of length one are
expected. Since O(a) contains an odd number of affine sets then the possibility that all orbits are of even length
is precluded. Since 2" +1 = 3 (mod n) (see Subsection 3.5.3) we also preclude the possibility that all orbits
are of length n. Also, by assumption, ¢ { (2" 4 1) so we cannot have all orbits of length ¢.

We now consider the possibility of x affine sets partitioned in orbits of length 2/, with 1 < i < m —s
and 2" 4+ 1 — x affine sets partitioned in orbits of length multiples of 1, i.e, 2" +1 —x = 0 (mod n). Since
2" +1 = 3 (mod n), x has the form jn 4+ 3 where j is an odd integer. Since 2|x then j is non zero. So there are
jn+3 > 3affine sets permuted in orbits of length 2/ under (02%"). Since (027"} C (02"} it is easy to observe
that 2 affine sets that form an orbit under <(Tzs€d> are fixed under <¢725+1[d>. If s = m —2and d = k (recall that
we cannot have s = m — 1,m and d = k here) then it would mean that there exist a fixed O(a) under ((72"172“[’()
with i = 1 or i = 2, which contains more than 3 affine sets fixed under <(72"172+izk>, contradicting Subsections

3.5.3 and 3.5.4. Also note that, by excluding the combinations we just considered (i.e.,, s +i = m —1,m and
os+ipd

7

d = k), no affine set is fixed under (o ) (see Subsection 3.3.5) so it would be a contradiction to say that
more than 3 affine sets in each fixed O(«) are fixed under (02"}, A similar argument can be used to show
that orbit lengths of 2/ and multiples of ¢ are also not possible.

Next, we check the possibility of orbit lengths of multiples of ¢ and n. If x affine sets are partitioned into
orbits of length multiples of £ then 2" + 1 — x affine sets are partitioned into orbits of length multiples of n. So
2" +1—x =0 (mod n) and hence x must be of the hn + 3 because 2" +1 = 3 (mod n). Observe that since
32" +1 (because 2" +1 =221 +1=2.22 11 =3 =0 (mod 3)) then £ # 3. So there are hn + 3 > 3 affine
sets permuted in orbits of length multiples of ¢ under <c7254d>. Note that since <(72W+1) C (Uzséd> so an orbit
of length ¢ under (a2s€d> is fixed under <awd+1>. An argument similar to the one above shows that the orbit
lengths of ¢ and n are impossible.

What about the possibility of orbit lengths of 2/, £ and n? Again, if x is the number of affine sets partitioned
in orbits of length 2’ and multiples of £ then 2" + 1 — x is the number of affine sets partitioned in orbits of length
n. Since 2" +1 =3 (mod 1) then the form of x, the number of affine sets partitioned in orbits of length 2 and

¢, is hn + 3 for some integer h. Since (1,¢) = 1 then we can write y/ = zn + 1 for some integers y and z (by
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Bezout’s identity). Hence we can write hn +3 = (hn+1) +2 = wl 4+ 2 = gl + (f{ + 2), for some integers w,
g and f, where g/ are affine sets partitioned into orbits of length £ and f¢ 4 2 are affine sets partitioned into
orbits of length 2/. Since 2 must divide f¢ + 2 then f has to be even. It is clear that f¢ +2 > 2. If f = 0 then
it implies that 2 affine sets in a fixed O(a) form an orbit under <¢72$Zd)
<0_25+1 04

. If s = m—2and d = k then, since
) C <(725€d>, it would mean that <0’2n}71€k> fixes 2 affine sets in each fixed O(«) which is a contradiction
as it only fixes one affine set (see Subsection 3.5.4). For any other combination of s and d it would mean that 2
affine sets are fixed in an O(a) fixed under (¢2'*') which is again contradiction as in Subsection 3.3.5 it shows
that no such subgroup fixes any affine set. Also f > 1 is impossible as it would mean that four or more affine
sets are fixed in some fixed O(«) under some subgroup contained in (Uzw,)

subsections. We have exhausted all the possibilities and we thus conclude that there is no O(«) in O which is
2507
o).

which cannot happen by previous

fixed under (

3.6. Applying the Cauchy Frobenius Theorem

Table 3.6.1 present the results found in Section 3.5 and its structure is similar to Table 3.4.1.

Table 2. Number of fixed O(«) under the action of G

Subgroup Order of No. of elements No. of fixed Product
of G Subgroup not in previous O(w) of columns
subgroup 3 and 4
27 gk [S] [S]
(=) 1 1 FED@T) T
<0_2m—14kn> 2 1 Z(Zrn—lék_l)n . 2(2m—lék—1_1>n z(zm—lgk_l)n B 2(2m—14k—1_1)n
m pk
(0? f Z n n—1 1|Sk(1,2m£k)|{3k 1 (n— 1>(J%<1'2m€k)|2/k31
<0.2m7 / > 2 n—1 22”’7 =1 _ 22”’7 -1 (11 _ 1)(22"’7 =1 _ 22"’7 = —l)

We know that |S(1,2"¢K)| = 92" -1 _ 2" HESL g2l g 92" g IS(n,2m0%)| = 202" _
2(2m—lgk)n . 2(2m5k—1)n + 2(2m—15k—1)n'

Remark 3. The number of orbits in Or under the action of G gives us an upper bound for the number of
inequivalent extended irreducible binary Goppa codes. By the Cauchy Frobenius Theorem, the number of
orbits in O under the action of G is

2<21n71€k71)n72(2m—1zk71 71)”4’(7’!71)(‘8(1,2"[@’()|)/3+(n71)(22]n71(k71722m?1[k71 71)+A
2m gkp ’

where A = [S(n, 2"¢5)|/(2"(2" — 1) (2" 4 1)).

Recall that we set m = k and by Equations 2 and 3 the values of |S(1,2"¢%)| and [S(n, 2" ¢¥)| are known.
Since this is our main result in this paper, we state it in the following theorem.

Theorem 18. Let n and ¢ be odd prime numbers such that (¢,2" £1) = 1 and ¢ # n. The number of inequivalent
extended irreducible binary Goppa codes of degree (20)™, with m > 1 and length 2" + 1 is at most

(£=1)/2 . =2 L
( 72(2—1)—14_ Z (_1)1+1,Yz>+(,y£—1_1)+(n_1)(22£—1+22_4)/3
i=1 i=0 . . 1
20n lfm -

1

(A-2)/2 . -1 . : ,
7A71< v 721) << v ,Y(€71+z)/\)71)+,\/}\—17,\/\—l+(n71)(220\—1722/\—1+2M72A)/3

i=0
n(20)"

ifm>1
where A = (20)" 1 and = 2.
Example 1. The tables below compare the upper bound on the number of extended irreducible binary Goppa

codes of degree (2¢)" and length 2" + 1 and non-extended versions of length 2". The bounds on the number
of the two versions of codes are obtained using Remark 2 and Theorem 18.
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Table 3. Number of non-extended and extended Goppa codes whenm =1,/ =5and n =7,11,13

r n Number of extended Number of irreducible
irreducible Goppa codes Goppa codes
7 8,042,636,909,673 1,037,499,670,492,467
m=1¢=5 11 1,373,779,668,165,694,887,189 2,814,874,539,743,974,305,462,579
13 19,045,231,657,451,944,973,334,135 156,037,582,969,219,989,103,853,977,395

Table 4. Number of non-extended and extended Goppa codes whenm =2,/ =5andn =7

H n=7m=2/0=5 H

Non-Ext. Goppa codes  4,622,588,496,158,230,374,051,769,793,025,984,836,851,746,873,965,
809,423,771,689,488,776,657,578,801,416,6,920,445,784,006,149,455,
542,768,623,409,098,875,990,160,540,631, 751,785,597,245,560,480,
490,009,340,223,525,920,966,754,236,069,676,754,557,809,563, 115,

990,501,031,936
Ext. Goppa codes 358,340,193,500,638,013,492,385,255,273,332,157,895,484,253,795,
799,180,137,340,270,447,802,742,646,641,023,601,382,950,503,453,
909,148,362,538, 791,931,238,348,268,716,699,081,713,709,698,766,
594,405,529,127,416,760,975,801,640,365,691,439,359,515,939, 510,
005,752,320

Note that in our example we made sure that the condition b = 2" — (2¢)"n > 0, where b represents the

lower bound of the dimension of Goppa codes, is met.

4. Conclusion

In this paper we produced an upper bound on the number of extended irreducible binary Goppa codes

of degree (2¢)™ and length 2" 4+ 1 where 1 and ¢ are odd prime numbers not equal. The result is presented in
the Theorem 18.
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