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Abstract

The Rayleigh was obtained from the amplitude of sound resulting from many important sources by
Rayleigh. It is continuous probability distribution with a wide range of applications such as in life testing
experiments, reliability analysis, applied statistics and clinical studies. However, it is not flexible enough
for modeling heavily skewed datasets as compared to compound distributions. In this paper, we introduce
a new extension of the Rayleigh distribution by using a Gompertz-G family of distributions. This paper
defines and studies a three-parameter distribution called “Gompertz-Rayleigh distribution”. Some
properties of the proposed distribution are derived and discussed comprehensively in this paper and the
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three parameters are estimated using the method of maximum likelihood estimation. The goodness-of-fit
of the proposed distribution is also evaluated by fitting it in comparison with some other existing
distributions using a real life data.

Keywords: Rayleigh distribution; Gompertz-Rayleigh distribution, properties, parameters, method of
maximum likelihood estimation and goodness-of-fit.

1 Introduction

Rayleigh [1] proposed a continuous distribution using the amplitude of sound resulting from different
significant sources. This distribution has been applied in several areas such as in life testing
experiments, reliability analysis, applied statistics and clinical studies. It is also a special case of the
two-parameter Weibull distribution when the shape parameter becomes 2. The history and other
useful features of the Rayleigh model could be seen in Siddiqui [2], Hirano [3] and Howlader and Hossian

[4].
The probability density function (pdf) of the Rayleigh distribution with parameter 0 is given by:

2

0
g(x)=btkp ¥ €9
And its cumulative distribution function (cdf) is given as

()

G(x)=1-¢>2" )
for x > 0,6 > 0 where O is the scale parameter.

Sequel to the simplicity and applicability of the Rayleigh distribution, there have been different
developed generalized forms of the distribution leading to some capable models such as the generalized
Rayleigh distribution (Kundu et al. [5]), Bivariate generalized Rayleigh distribution (Abdel-Hady [6]),
Transmuted Rayleigh distribution (Merovci [7]), generalized Weibull-Rayleigh distribution (Yahaya and
Alaku [8]), Weibull-Rayleigh distribution (Merovci and FElbatal [9]), transmuted Weibull-Rayleigh
distribution (Yahaya and Ieren [10]) and Transmuted Inverse Rayleigh distribution (Ahmad et al. [11]) and
SO on.

Other generalized distributions away from Rayleigh distribution have shown that most compound
distributions proposed in the literature fit various kind of data better than their standard counterparts. For
instance, Weibull-Exponential distribution performed better than the Exponential distribution (Oguntunde et
al. [12]), Weibull-Frechet distribution exhibited a very higher level of flexibility compared to the standard
Frechet distribution (Afify et al. [13]), Lomax-Exponential distribution performed better than the
exponential distribution (Ieren and Kuhe, [14]), others examples include Weibull-Lindley distribution (Ieren
et al. [15]), Gompertz-Lindley distribution (Koleoso et al. [16]), Lomax-inverse Lindley distribution (Ieren
et al. [17]), transmuted Lindley-Exponential distribution (Umar et al. [18]), Power Gompertz distribution
(Ieren et al. [19]) and many others.

Therefore the proposed model would be a more flexible distribution with greater skewness and flexibility
using the Gompertz-G family.

19



Mohammed et al.; AJPAS, 9(2): 18-31, 2020, Article no.AJPAS.61205

This article is presented in sections as follows. The definition of the new distribution and its plots are
provided in section 2. Section 3 derived some Statistical properties of the new distribution. The estimation of
unknown parameters of the proposed model using maximum likelihood estimation (MLE) is provided in
section 4. In section 5, the proposed distribution with some competing distributions is applied to a real life
dataset. Finally, a brief summary with some useful conclusions is given in section 5.

2 The Gompertz-Rayleigh Distribution (GomRD)

For any continuous distribution with cdf G(x) and pdf, g(x) Alizadeh et al. [20] proposed the Gompertz

generalized (denoted “Gompertz-G) family of distributions that provides greater flexibility in modeling of
real data sets. According to this methodology, the cdf and pdf of the Gompertz-G family are defined for any
continuous distribution as:

—log[1-G(x)] (e 1)
Fx)= J‘ aele’ dt (3)

0

Solving the integral above, equation (3) yields the cdf and pdf of the Gompertz-G family as

afi-f-6(x)]”|

F(x)=1-e )
and
1@ =ag(o1-a(x] " o

respectively, where g(x) and G(x) are the pdf and cdf of any continuous distribution to be generalized
respectively and @ >0 and £ > 0 are the two additional shape parameters.

Making substituting of equation (1) and (2) in (4) and (5) above and simplifying, we obtain the cdf and pdf
of the GomRD for a random variable X as:

F(x)=1—exp %{1—(1—(1_6—92))1 (6)

and

() = abxe 3" [1 —(1 e )}_ﬁ - exp {1 —(1 —(1 - e-ixz))q ™

respectively, where x > 0;60,c, >0

The graph of the pdf and cdf of the GomRD using some arbitrary parameter values are shown as follows:
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Fig. 1. PDF of Gom RD for selected parameter values

Fig. 1 revealed that the GomRD have different shapes and is right-skewed depending on values of the
parameters. This means that distribution can be very useful for datasets with different shapes.
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Fig. 2. CDF of GomRD for selected parameter values

From the above cdf plot, the cdf increases when x increases, and approaches 1 when x becomes large, as
expected.

3 Statistical Properties of GomRD
3.1 Quantile function, median and simulation

Hyndman and Fan [21] defined the quantile function for any distribution in the form Q(u) =F" (u)

where QO (u ) is the quantile function of F(x) for 0 <u <1

Using the cdf of the proposed model and applying simple algebra derive the quantile function of the GomRD
as follows:

-B
F(x)=1-exp %[1—(1—(1—6?'2)) } —u ®)
Simplifying equation (8) above gives:

(1—(1—e§-*2)j_ﬁ —1-Lin(1-u) )

o

Collecting like terms in equation (9) and simplifying, the quantile function of the GomRD is obtained as:

Q(u)z{%ln{l—éln(l—u)}}; 10

o

where u is a uniform variate on the unit interval (0,1).
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The median of X from the GomRD is simply obtained by setting u=0.5 and this substitution of # = 0.5 in
Equation (10) which gives:

Median = {é In {1 —ﬁln(o.s)}}z (11

(24

Similarly, random numbers can be simulated from the GomRD by setting Q(u) = X and this process is

called simulation using inverse transformation method. This means for any &,«, >0 and u € (0, l) :

X:{%ln[l—ﬁln(l—u)}}z (12)

(24

“where u is a uniform variate on the unit interval (0,1).
Also, using equation (10), the quantile based measures of skewness and kurtosis are derived as follows:

Kennedy and Keeping [22] defined the Bowley’s measure of skewness based on quartiles as:

0(%)-20(})+0(}4)

SK = (13)
0(%)-0(})

And Moors [23] presented the Moors’ kurtosis based on octiles by:

oo 2l0)-el5)-o()

0(%)-0(%)

“where QO () is calculated by using the quantile function from equation (10).

3.2 Reliability analysis of the GomRD

This part of the article presents the survival (or reliability) function and the hazard (or failure) rate function
of GomRD as follows:

The Survival function relates the likelihood of success for a unit or an individual after a given time.
Mathematically, the survival function is given by:

S(x)zl—F(x) (15)

Using the cdf of the GomRD in (15) and collecting like terms gives the survival function for the GomRD as:
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_0 2 _ﬂ
S(x)=exp% 1—(1—(1—6 2F )) (16)

The graph of the survival function of the GomRD using different parameter values is shown below.
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Fig. 3. Survival function of GomRD for selected parameter values

The graph of the survival function in Fig. 3 above reveals that the probability of survival for any random
variable or event following a GomRD decreases as the variable or event advances in age or time, which
means as time goes on, probability of life decreases. This implies that the GomRD could be used to analyze
random variables whose survival rate decreases as they advance in age.

Hazard function is a mathematical function that relates the likelihood that a component will fail for an
interval of time. The hazard function is defined as:

S(x)_ f()
)= S TTE ()

a7

Considering the pdf and cdf of GomRD, an expression for the hazard rate of GomRD is simplified and stated
as:
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0 0, _ﬁ_l
h(x)=abxe 2" [1—(1—6‘2* )} (18)

where X > 0,(9,0{,,5 >0.
The graph of the hazard function for some parameter values is as given below:
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Fig. 4. Hazard function of GomRD for selected parameter values
Fig. 4 presents the graph of the hazard function of GomRD and it reveals that the failure rate for any random
variable or event following a GomRD increases as the variable or event advance in time or age, meaning that

as time grows, probability of death increases to infinity. This implies that the GomRD could be used to
model random events whose failure rate increases per time or age.

4 Maximum Likelihood Estimation of the unknown Parameters of the
GomRD

Let X, ) , X D peerneneen , X , be a sample of size ‘n’ independently and identically distributed random variables
from the GomRD with unknown parameters, 8, & and [ defined previously.

The likelihood function of the GomRD using the pdf in equation (7) is given by:
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L(X/60.0.8)=(ab) f[[xfeif? [1 —(1 —efxf)}_ﬂ_ljexp{%i{l —(1 —(1 —eiﬁ))ﬁ” (19)

i=1

Let the natural logarithm of the likelihood function be,/ (K ) =logL ()_( |0,a, B ) , therefore, taking the

natural logarithm of the function above gives:

: 03 : 0], @ 07
l(/():nloga+nlog¢9+2210gxi—Efo—(ﬁ+1)210g[1—(1—e'z“)]+EZ{1—(1—(1—52‘“)) } (20)

i=1 i=1 i=1 i=1

Differentiating / (K‘) partially with respect to €, & and [3 respectively gives the following results:

K) n L xle 5 a < 0.\1"" 2h
ala(e) 0 x’ (ﬁ2+1)2l ' _?z{x“'[l_(l_“'ﬂﬁ }

|-

01@(;):§+;Z{17[1—(1—e%&)r} (22)

(o TSt SR (I

Making equation (21), (22) and (23) equal to zero (0) and solving for the solution of the non-linear system of

equations produce the maximum likelihood estimates of parameters, 9 , @ and ﬂ However, these

solutions cannot be obtained manually except numerically with the aid of suitable statistical software like R,
SAS, MATHEMATICA e.t.c.

5 Application to a Real Life Dataset

In this section, an application to real life data is provided to illustrate the flexibility of the GomRD
introduced in this study. We have compared the fitness of the GomRD to those of five other extensions of
the Rayleigh model such as transmuted Weibull-Rayleigh distribution (TWRD), Weibull-Rayleigh
distribution (WRD), transmuted Rayleigh distribution (TRD), Gompertz distribution (GomD) and the
conventional Rayleigh distribution (RD). The MLEs of the model parameters are determined and some
goodness-of-fit statistics for this distribution are compared with other competitive models.

The above listed distributions were fitted to the dataset and their performance was selected based on the
following: Akaike Information Criterion, AIC, Consistent Akaike Information Criterion, CAIC, Bayesian
Information Criterion, BIC, Hannan Quin Information Criterion, HQIC, Anderson-Darling (A*), Crameér-
Von Mises (W*) and Kolmogorov-smirnov (K-S) statistics. More information about these information
criteria can be found in Chen and Balakrishnan [24]. Note that the smaller these statistics are, the better the
fit of the distribution.

Data set: This dataset has been used by Afify and Aryal [25], Barreto-Souza et al. [26], Bourguignon et al.

[27], Oguntunde et al. [12], Teren et al. [15], Ieren and Yahaya [28], Yahaya and Ieren [29], Koleoso et al.
[16] and Smith and Naylor [30]. It is summarized as follows:
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Table 1. Descriptive statistics of the dataset

n Minimum

O

Median

0

Mean

Maximum

Variance Skewness Kurtosis

63  0.550

1.375

1.590

1.685

1.507

2.240

0.105 -0.8786 3.9238

Based on the statistics from Table 1, it is observed that the real life dataset is negatively skewed, and could
be good for skewed models.

Table 2. Maximum likelihood parameter estimates for the dataset

Distribution 0 a ,B y)
GomRD 0.6056104 0.2787468 3.4678251 -
TWRD 0.06924352 6.26832073 1.14772063 0.84567528
WRD 0.0361874 5.0457529 0.5639456
TRD 0.4081366 - - 0.8893473
RD 0.8425334 - - -
GomD - 0.1047741 1.9875491 -

Table 3. The statistics £, AIC, CAIC, BIC and HQIC for the dataset
Distribution % AIC CAIC BIC HQIC Ranks
GomRD 21.46835 48.93671 49.34349 55.36611 51.46542 ond
TWRD 67.72163 143.4433 144.1329 152.0158 146.8149 5t
WRD 89.70173 185.4035 185.8102 191.8329 187.9322 6"
TRD 51.06289 106.1258 106.3258 110.4121 107.8116 4h
RD 49.79089 101.5818 101.6474 103.7249 102.4247 3rd
GomD 29.00005 62.0001 62.2001 66.28637 63.68591 ond

Table 4. The A*, W*, K-S statistic and P-values for the dataset

Distribution A w" K-S P-Value (K-S) Ranks
GomRD 1.07974 0.1770462 0.22822 0.002824 1
TWRD 2.423038 0.4418065 0.29241 4.19¢-05 5t
WRD 2.994072 0.5459647 0.34779 4.811e-07 6t
TRD 2.644015 0.4817336 0.30147 2.127e-05 4t
RD 2.553815 0.4654562 0.33392 1.584¢-06 3rd
GomD 1.127883 0.2040339 0.32600 3.059¢-06 o

Estimated Pdfs based on the Dataset Estimated Cdfs based on the Dataset

. | 7
: Lk o
A=

x-value

Fig. 5.1. Histogram and plots of the estimated densities and cdfs of the GomRD and other fitted
distributions to the dataset
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Tables 2 presents the values of the Maximum Likelihood Estimates of the model parameters for the real life
dataset used, while table 3 presents the values of AIC, CAIC, BIC and HQIC for all the distributions fitted to
the real life dataset and the values of A*, W* and K-S for the fitted distributions based on the dataset are
provided in Tables 4.

The plots of the fitted density and cumulative distribution of the GomRD with those of competing
distributions for the real life dataset are presented in Fig. 5.1. The PP-plots of the fitted distributions are also
given in Figs. 5.2 based on the same dataset.

From the results in Tables 3 and 4 and with respect to all the model selection measures, it has been found
that Gompertz-Rayleigh distribution (GomRD) has the lowest values of the measures compared to the other
five fitted distributions and therefore it is considered as the best model to fit the dataset used. The results
show that the GomRD is better than the five other fitted distributions (transmuted Weibull-Rayleigh
distribution (TWRD), Weibull-Rayleigh distribution (WRD), transmuted Rayleigh distribution (TRD),
Rayleigh distribution (RD) and the conventional Gompertz distribution (GomD)). These results are clearly
confirmed by the estimated density plots and also the probability plots of the fitted distributions as shown in
Figs. 5.1 and 5.2 respectively.

GomRD TWRD WRD
(= [
- -~ _|
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= o _| = = gl
£ o £ £ o |
& & | <
R B B
a ° ‘j o o g b
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o
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= o = = g
=t I "” oo
[ ]
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Fig. 5.2. Probability plots for the fit of the GomRD and other fitted models based on dataset
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6 Summary and Conclusion

This paper has presented a three-parameter probability distribution called “a Gompertz-Rayleigh
distribution”. The paper has provided a comprehensive study of some statistical properties of the proposed
distribution (Gompertz-Rayleigh) which include the derivation of explicit expressions for its survival
function, hazard function and the quantile function which is useful for obtaining the median, skewness and
kurtosis and simulation of random numbers from the proposed distribution. The estimation of the unknown
model parameters using the method of maximum likelihood estimation has also being considered and treated
in this study. The graph of the pdf of the proposed distribution has shown that its shape is skewed model and
flexible for modeling real life data. Also, the graph of the survival and hazard functions are monotonically
decreasing and increasing respectively. This means that the proposed model could be used for analyzing
random events failure rate increase per age or time. It is also an indication that the proposed distribution
could be a good choice for modeling cured fraction of surviving patients in a population. The performance of
the proposed distribution (GomRD) has also been evaluated in this present paper using a real life dataset and
the results revealed that the proposed distribution is much flexible compared to the other fitted distributions
due to its ability to fit the real life dataset better than the other distributions as considered in this study.
Based on this performance therefore we recommend that the proposed model be used for statistical quality
control of variables whose distribution is skewed.
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